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8.1 AREA BETWEEN TWO CURVES

In the last chapter we showed how to find the area between a curve y = f(x) and an
interval on the x-axis. Here we will show how to find the area between two curves.

Before we consider the problem of finding the area between two curves it will be helpful to

F RIEMANN SUMS review the basic principle that underlies the calculation of area as a definite integral. Recall
that if f is continuous and nonnegative on [a, b], then the definite integral for the area A
under y = f(x) over the interval [a, b] is obtained in four steps (Figure 8.1.1):
y =f(x)

« Divide the interval [a, b] into n subintervals, and use those subintervals to divide the
area under the curve y = f(x) into n strips.

« Assuming that the width of the kth strip is Ax;, approximate the area of that strip by

the area of a rectangle of width Ax; and height f(x;), where x; is any point in the kth
subinterval.

. o Addthe approximate areas of the strips to approximate the entire area A by the Riemann
sum:

AxY faAx
k=1

* b
Xk

o Take the limit of the Riemann sums as the number of subintervals increases and their
widths approach zero. This causes the error in the approximations to approach zero and
produces the following definite integral for the exact area A:

n b
A= lim OZ fxHAx = f fx)dx
k=1 a

max Axy —

Observe the effect that the limit process has on the various parts of the Riemann sum:

o The quantity x; in the Riemann sum becomes the variable x in the definite integral.
o The interval width Ax; in the Riemann sum becomes the dx in the definite integral.

o The endpoints of the interval [a, b] do not appear in the Riemann sum, but they
¢+ become the limits of integration in the definite integral.

WEEN y = f(x)
(x)

We will now consider the following extension of the area problem.

8.1.1 FIRST AREA PROBLEM. Suppose that f and g are continuous functions on an f
interval [a, b] and

fx)=gx) for a<x=<b

[This means that the curve y = f(x) lies above the curve y = g(x) and that the two can
touch but not cross.] Find the area A of the region bounded above by y = f(x), below
by y = g(x), and on the sides by the lines x = a and x = b (Figure 8.1.2a).

To solve this problem we divide the interval {a, b] into n subintervals, which has the
effect of subdividing the region into n strips (Figure 8.1.2b). If we assume that the width of
the kth strip is Ax;, then the area of the strip can be approximated by the area of arectangle
of width Ax; and height f(x}) — g(x;), where x; is any point in the kth subinterval. Adding
these approximations yields the following Riemann sum that approximates the area A:

Ay LG — gl Axe
k=1

Taking the limit as n increases and the widths of the subintervals approach zero yields the
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SO = g

:

Figure 8.1.2
following definite integral for the area A between the curves:
n oh
A= im0 - seplsn / ()~ g0l
In summary, we have the following result:
8.1.2 AREA FORMULA. If f and g arc continuous functions on the interval [a, b],
and if f(x) > g(x) for all x in [a, b], then the arca of the region bounded above by |
y = f(x), below by y = g(x), on the left by the line v = «, and on the right by the line
x=bis
b
A= [ 1700 - g ()
a
In the case where f and g are nonnegative on the interval [, b, the formula
b b b
A= f [f(x) —g(x)]dx = / fx)dx - / gvyda
a a o
states that the area A between the curves can be obtained by subtracting the arca under
y = g(x) from the area under y = f(x) (Figurc 8.1.3).
AY y = f(x) AY y=f(v) ' vo=f(x)
: =
|
: y=gWw| «x x
a b -
Figure 8.1.3

When the region is complicated, it may require some carcetul thought to determine the
integrand and limits of integration in (1). Here is a systematic procedure that you can follow
to set up this formula.

Step 1. Sketch the region and then draw a vertical line segment through the
region at an arbitrary point x, connecting the top and bottom bound-
aries (Figure 8.1.4a).

Step 2. The top endpoint of the line segment sketched in Step 1 will be
f(x), the bottom one g(x), and the length of the line segment will
be f(x) — g(x). This is the integrand in (1).

Step 3. To determine the limits of integration, imagine moving the line seg-
ment left and then right. The leftmost position at which the line seg-
ment intersects the region is x = a and the rightmost is x = b
(Figures 8.1.4b and 8.1.4c¢).
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Figure 8.1.4
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REMARK. It is not necessary to make an extremely accurate sketch in Step 1; the only
purpose of the sketch is to determine which curve is the upper boundary and which is the
lower boundary.

REMARK. There is a useful way of thinking about this procedure: If you view the vertical
line segment as the “cross section” of the region at the point x, then Formula (1) states that
the area between the curves is obtained by integrating the length of the cross section over
the interval from a to b.

Example 1

Find the area of the region bounded above by y = x + 6, bounded below by y = x2, and
bounded on the sides by the lines x = 0 and x = 2.

Solution. The region and a cross section are shown in Figure 8.1.5. The cross section
extends from g(x) = x? on the bottom to f(x) = x + 6 on the top. If the cross section is
moved through the region, then its leftmost position will be x = 0 and its rightmost position
will be x = 2. Thus, from (1)
2 X3 ]2 34 34
0

2
_ o de = | R R A
A—/(; [(x +6) —x"1dx [2 + 6x 3 3 0 3 |

It is possible that the upper and lower boundaries of a region may intersect at one or
both endpoints, in which case the sides of the region will be points, rather than vertical
line segments (Figure 8.1.6). When that occurs you will have to determine the points of
intersection to obtain the limits of integration.

Example 2

Find the area of the region that is enclosed between the curves y = x? and y = x +6.

Solution. A sketch of the region (Figure 8.1.7) shows that the lower boundary is y = x2
and the upper boundary is y = x + 6. At the endpoints of the region, the upper and lower
boundaries have the same y-coordinates; thus, to find the endpoints we equate

y=x> and y=x+6 ()

This yields

2

x2=x+6 or x’

—x—6=0 or x+2)(x—3)=0
from which we obtain -

x=-2 and x=3

Although the y-coordinates of the endpoints are not essential to our solution, they may be
obtained from (2) by substituting x = —2 and x = 3 in either equation. This yields y = 4
and y = 9, so the upper and lower boundaries intersect at (—2, 4) and (3, 9).

From (1) with f(x) = x + 6, g(x) = x?,a = —2, and b = 3, we obtain the area

3 _ 2 393
) >

3 2 6
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It is possible for the upper or lower houndary of a region to consist of (wo OF more
different curves, in which case it will he necessary to subdivide the region into simaller
pieces in order to apply Formula (1). This is illustrated in the next example,

Example 3

Find the area of the region enclosed by v = v and y = v — 2.

Solutlon. To make an accurate sketch of the region, we need to know where the curves

x = y*and y = x — 2 intersect. In Example 2 wo found intersections by equating (he
expressions for y. Here it is easier to rewrite the latter equation as x = =y + 2 and cquate
the expresswns for x, namely

x=y" and x=y+2 3)
This yields

y2=y+2 or y2—y—2=0 or (v D(y = 2) =0
from which we obtain y = —1,y = 2. Substituting these visluen i elther equation in (3)
we see that the corresponding x-values are x = L and v = 4, renpectively, so the points of
intersection are (1, —1) and (4, 2) (Figure 8.1.8q),

To apply Formula (1), the equations of the boundarien munt b wibkiten 8o that v is
expressed explicitly as a function of x. The upper boundiry cin ho wiltten wi y Ve
(rewrite x = y? as y = +./x and choose the | for the upper postlon o the cave), 'fhe
lower portion of the boundary consists of two parts: v VaotorD o v | md v e v
for 1 < x < 4 (Figure 8.1.8b). Because of this change i the formmlin for the fower boundary,

it is necessary to divide the region into two parts and (ind the wren of gih Pt Repisitely
From (1) with f(x) = /x, g(x) = —V/x.a = 0, and b o 1, we obtaln

. |
A.=/[f—(—ﬁ)]dx=2f Vxda 2[)\-"| L S,
0 0 3 0. !
From (1) with f(x) = /x, g(x) = x — 2,a = | and b = 4, we obtiin

4 4
A2=/ [f—(x—2)]dx=/ (WX = x2)da
1 1

2 45 1, /16 (? [ ) 1Y
=32 x4 u| == -848 )
[3x 2x+x1 3 f ) , ‘,1 0

Thus, the area of the entire region is

4 19 9
A=A+ A =-+—== |
RT3 T2
FOR THE READER. It is assumed in Formula (1) that f(x) = g(x) for all x in the inerval
[a, b]. What do you think that the integral represents il this condition is not satisficd, that
is, the graphs of f and g cross one another over the interval? Explain your reasoning, and
give an example to support your conclusion.

Example 4

Figure 8.1.9 shows velocity versus time curves for two race cars that move along a straight
track, starting from rest at the same line. What docs the arca A between the curves over the
interval 0 < ¢ < T represent?

Solution. From (1)

T T T
=/ [vz(t)—vl(t)]dt=/ v (1) dt —f v (¢) dt
0 0 0

But from 7.7.4, the first integral is the distance traveled by car 2 during the time interval,
and the second integral is the distance traveled by car 1. Thus, 4 is the distance by which
car 2 is ahead of car 1 at time T. <
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Sometimes it is possible to avoid splitting a region into parts by integrating with respect to

REVERSING THE ROLES y rather than x. We will now show how this can be done.
OF x AND y
Y 8.1.3 SECOND AREA PROBLEM. Suppose that w and v are continuous functions of y
di-—— v maw(y) on an interval [c, d] and that
'|' w(y) = v(y) for c<y<d
[This means that the curve x = w(y) lies to the right of the curve x = v(y) and that
¥ =00 the two can touch but not cross.] Find the area A of the region bounded on the left by
x = v(y), on the right by x = w(y), and above and below by the linesy =dandy = ¢
¢ x (Figure 8.1.10).
— . — »
" Figure 8,110 Proceeding as in the derivation of (1), but with the roles of x and y reversed, leads to the

following analog of 8.1.2.

! 8.1.4 AREA FORMULA. If w and v are continuous functions and if w(y) > v(y) for
| all y in [c, d], then the area of the region bounded on the left by x = v(y), on the right
by x = w(y), below by y = ¢, and above by y = d is

d
A= f [w(y) — v(y)1dy C))

The guiding principle in applying this formula is the same as with (1): The integrand in
(4) can be viewed as the length of the horizontal cross section at the point y, in which case
Formula (4) states that the area can be obtained by integrating the length of the horizontal
cross section over the interval [c, d] on the y-axis (Figure 8.1.11).

In Example 3, where we integrated with respect to x to find the area of the region enclosed
by x = y? and y = x — 2, we had to split the region into parts and evaluate two integrals. in
the next example we will see that by integrating with respect to y no splitting of the region
is necessary.

w(y)

A A1

Figure 8.1.11
|| Example 5

| Find the area of the region enclosed by x = y? and y = x — 2, integrating with respect
. to y.

I
[ | Solution. From Figure 8.1.8 the left boundary is x = y?, the right boundary is y = x —2.
| and the region extends over the interval —1 < y < 2. However, to apply (4) the equations

for the boundaries must be written so that x is expressed explicitly as a function of y. Thus,
' we rewrite y = x — 2 as x = y + 2. It now follows from (4) that

2 2 392
y y 9
A= +2)—yldy=|Z=+2y- | ==
f_l[(y ) — y“ldy [2 y 3]_1 2

which agrees with the result obtained in Example 3. <

REMARK. The choice between Formulas (1) and (4) is generally dictated by the shape

of the region, and one would usually choose the formula that requires the least amount of

{ splitting. However, if the integral(s) resulting by one method are difficult to evaluate, then
| the other method might be preferable, even if it requires more splitting.
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In Exercises 14, find the area of the shaded region.

5.

6.

Find the area of the region enclosed by the curves y = x?
and y = 4x by integrating

(a) with respect to x (b) with respectto y.

Find the area of the region enclosed by the curves y? = 4x
and y = 2x — 4 by integrating
(a) with respect to x (b) with respect to y.

n Exercises 7-16, sketch the region enclosed by the curves, ]

E

and find its area.

Ly=x2 y=x, x=1/4, x=1
L y=x3—4x, y=0, x=0, x=2
. y=cos2x, y=0, x =n/4, x =7/2

y=sec’x, y=2, x =—n/4, x =n/4

. x=siny, x=0, y=n/4, y =3n/4
. x2=y, x=y-—-2

. y=e*, y=e¥, x=0, x=In2

L x=1/y, x=0, y=1, y=e
cy=2+Ix—1, y=—ix+7

=x, y=4x, y=-x+2

1
In Exercises 17-22, use a graphing utility, where helpful, to
find the area of the region enclosed by the curves.

K 17.
R 18.
K 19
[ 20.
K 21
R 22.
[ 23.

[ 24

y=x>—4x243x, y=0, x=0, x=3
y=x3—-2x%, y=2x*-3x, x=0, x=3

y=sinx, y=cosx, x =0, x =2x

y=x>—4x, y=0, x=-2, x=2

x=y -y, x=0

x=y ~4y* +3y, x=y"—y

Use a CAS to find the area enclosed by y = 3 — 2x and
y = x5 4 2x5 — 3x* + x2.

Use a CAS to find the exact area enclosed by the curves
y=x-2x3=3xandy = x3.

25. Find a horizontal line y = k that divides the area between
y =% and y = 9 into two equal parts.

26. Find a vertical line v = k that divides the area enclosed by
x = /¥, x =2 and y = 0into two equal parts.

27. (a) Find the area of the region enclosed by the parabola
y = 2x — &% and the v-axis.
(b) Find the value of m so that the line y = mx divides the
region in part (1) into two regions of equal area.

28. Find the arca between the curve y = sinx and the line seg-
ment joining the points (0, 0) and (57/6, 1/2) on the curve.

29. Suppose that f and g are integrable on [a, b], but neither
F) = gy nor g(v) = f(x) holds for all x in [a, b] [i.e.,
the curves v = f(v) and y = g(xv) are intertwined].

(a) What is the geometric significance ol the integral
b

[ /) = gy da?

v

(b) What is the geometric significance of the integral

7]
/ [f(v) = g(x)fda?

var
30. Let A(n) be the area in the first quadrant enclosed by the
curves y = /v and y oy,
(a) By considering how the graph of y =/ changes as
nincreases, make o conjecture about the limit of A(n)
as n
(b) Confirny your conjecture by calculating the limit.

> opom,

In Exercises V1and 32, use Newton's Method (Section 6.4),
where nceded, 1o approxinate the v-coordinates of the in-
tersections of the curves to at least four decimal places; and
then use those approximations to approximate the arca of the
region.

31. The region that lics below the curve y
the line y = .2x, where x 2> 0.

sina and above

32. The region enclosed by the graphs of y = x> and y = cos x.

33. The accompanying figure shows velocity versus time curves
for two cars that move along a straight track, accelerating
from rest at a common starting line.

(a) How far apart are the cars after 60 seconds?
(b) How far apart are the cars after T seconds, where
0<T <607

A v (ft/s)
180 |

: vi(0) =3t 4
 up(0) = 1220

1 1 1 1 1 t:(s)

Figure Ex-33
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34. The accompanying figure shows acceleration time curves 4

1S}

\Y
for two cars that move along a straight track, accelerating £ » =1 |p
from rest at the starting linc. What does the area A between a »
the curves over the imerval 0 < ¢ < T represent? Justify x
your answer. \—/a >
Car 2
Car 1 Figure Ex-36
' 37. A rectangle with edges parallel to the coordinate axes has
| g ges p
T Figure Ex-34 one vertex at the origin and the diagonally opposite vertex on

the curve y = kx™ at the point where x = b (b > 0, k > 0,
and m >.0). Show that the fraction of the area of the rect- i
angle that lies between the curve and the x-axis depends on

35. Find the area of the region enclosed between the curve
v!2 4 912 = "2 and the coordinate axes.

36. Show that the area of the ellipse in the accompanying figure m but not on k or b.
is tab. [Hint: Use a formula from geometry.] J
|
I
8.2 VOLUMES BY SLICING; DISKS AND WASHERS "1

In the last section we showed that the area of a plane region bounded by two curves
can be obtained by integrating the length of a general cross section over an appropri- '
ate interval. In this section we will see that the same basic principle can be used to

find volumes of certain three-dimensional solids. |

940000800005 0804000080a00030000000000

Recall that the underlying principle for finding the area of a plane region is to divide the
VOLUMES BY SLICING

region into thin strips, approximate the area of each strip by the area of a rectangle, add the

approximations to form a Riemann sum, and take the limit of the Riemann sums to produce 1
an integral for the area. Under appropriate conditions, the same strategy can be used to

find the volume of a solid. The idea is to divide the solid into thin slabs, approximate the '
volume of each slab, add the approximations to form a Riemann sum, and take the limit of

the Riemann sums to produce an integral for the volume (Figure 8.2.1).

Figure 8.2.1 |

What makes this method work is the fact that a thin slab has cross sections that do not
vary much in size or shape, which, as we will see, makes its volume easy to approximate
(Figure 8.2.2). Moreover, the thinner the slab, the less variation in its cross sections and the
better the approximation. Thus, once we approximate the volumes of the slabs, we can set
up a Riemann sum whose limit is the volume of the entire solid. We will give the details
shortly, but first we need to discuss how to find the volume of a solid whose cross sections

- — do not vary in size and shape (i.e., are congruent).
In a thin slab, the cross sections One of the simplest examples of a solid with congruent cross sections is a right circular
do not vary much in size and shape. . . . . . .
— cylinder of radius r, since all cross sections taken perpendicular to the central axis are
circular regions of radius r. The volume V of a right circular cylinder of radius r and height

Figure 8.2.2




Some right cylinders

Figure 8.2.3

Volume = A-h |

Figure 8.2.4

The
cross
section

here
has
area

Figure 8.2.6
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h can be expressed in terms of the height and the area of a cross section as
V = nr’h = [area of a cross section| x [height] 1))

This is a special case of a more general volume tormula that applies to solids called right
cylinders. A right cylinder is a solid that is generated when a plane region is translated
along a line or axis that is perpendicular to the region (Figure 8.2.3). The distance 4 that
the region is translated is called the height or sometimes the width of the cylinder, and each
cross section is a duplicate of the translated region. We will assume that the volume V of a
right cylinder with cross-sectional area A and height /i is given by

V = A - h = [area of a cross section] x {height] 2)

(Figure 8.2.4). Note that this is consistent with Formula (1) (or the volume of a right circular
cylinder. We now have all of the tools required to solve the following problem.

| 8.2.1 PROBLEM. Let Sbe a solid that extends along the v -axis and is bounded on the
left and right, respectively, by the planes that are perpendiculir to the v-axisatx = a and |

| x = b (Figure 8.2.5a). Find the volume V of the solid, assuming that its cross-sectional

| area A(x) is known at each point x in the interval |«, /).

To solve this problem we divide the interval |«, h] into n subintervals, which has the
effect of dividing the solid into n slabs (Figure 8.2.5h).

(@)

Figure 8.2.5

If we assume that the width of the kth slab is Axg, then the volume of the slab can be
approximated by the volume of a right cylinder of width (height) Avy and cross-sectional
area A(xy;), where x; is any point in the kth subinterval (Figure 8.2.6). Adding these
approximations yields the following Riemann sum that approximates the volume V:

n
VY ARDAx
k=1

Taking the limit as n increases and the widths of the subintervals approach zero yields the
definite integral

n b
V=_lim Y AG)Ax = f A(x)dx
k=1 a

max Ax; — 0

In summary, we have the following result:

8.2.2 VOLUME FORMULA. Let § be a solid bounded by two parallel planes perpen- |
dicular to the x-axis at x = a and x = b. If, for each x in [a, b], the cross-sectional area |
of § perpendicular to the x-axis is A(x), then the volume of the solid is I

b
i / AGx) dx 3) |

: provided A(x) is integrable.
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SOLIDS OF REVOLUTION

Figure 8.2.8

There is a similar result for cross sections perpendicular to the y-axis.

8.2.3 VOLUME FORMULA. Let S be a solid bounded by two parallel planes perpen-
dicular to the y-axis at y = c and y = 4. I, for each y in [c, d], the cross-sectional area
of S perpendicular to the y-axis is A( ), then the volume of the solid is

d
v [ A(y)dy @)

provided A(y) is integrable.

REMARK. " In words, these formulas state that the volume of the solid can be obtained by
integrating the cross-sectional area from one end of the solid to the other.

Example 1

Derive the formula for the volume of a right pyramid whose altitude is # and whose base is
a square with sides of length q.

Solution. As illustrated in Figure 8.2.7a, we introduce a rectangular coordinate system
in which the y-axis passes through the apex and is perpendicular to the base, and the x-axis
passes through the base and is parallel to a side of the base.

At any point y in the interval [0, 4] on the y-axis, the cross section perpendicular to the
y-axis is a square. If s denotes the length of a side of this square, then by similar triangles
(Figure 8.2.7b)
s h-y

a h

Thus, the area A(y) of the cross section at yis

N —

l

a
=—(h-—
or s h( y)

B —

2
AD) =52 = %(h —y)?

and by (4) the volume is

h ha2 a2 h
V=/ A(y)dy=/ ﬁ(h—y)zdy= 2/(h—y)2dy
0 0 0

n?
a? L g g2 ALY B P
= — | == — = — — = —a
RT3V TR 3 3
That is, the volume is % of the area of the base times the altitude. |

A solid of revolution is a solid that is generated by revolving a plane region about a line that
lies in the same plane as the region; the line is called the axis of revolution. Many familiar
solids are of this type (Figure 8.2.8).

Axis of revolution U

ljome familiar solids of revolutim




Figure 8.2.9
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We will be interested in the following gencral problem:

8.2.4 PROBLEM. Let f be continuous and nonnegative on [a, b], and let R be the
region that is bounded above by y = [ (), below by the x-axis, and on the sides by the
lines x = a and x = b (Figure 8.2.9«). Find the volume of the solid of revolution that is
generated by revolving the region R about the x-uxis.

We can solve this problem by slicing. For this purpose, observe that the cross section of
the solid taken perpendicular to the x-axis at the point v is a circular disk of radius f(x)
(Figure 8.2.9b). The area of this region is

A(x) = a{ f)P

Thus, from (3) the volume of the solid is

b
V= / alf()? dx )

- |

(a) M

Because the cross sections are disk shaped, the application of this formula is called the
method of disks.

Example 2

Find the volume of the solid that is obtaincd when the region under the curve v = /x over
the interval 1, 4] is revolved about the x-axis (Figure 8.2.10).

Solution. From (5), the volume is

b 4 294
V= f A fx)Pdx = / mxdx = ] m_ b
a 1 | 2 2

Example 3

Derive the formula for the volume of a sphere of radius r.

Solution. Asindicated in Figure 8.2.11, a sphere of radius r can be generated by revolving
the upper semicircular disk enclosed between the x-axis and

x4yt =r?
about the x-axis. Since the upper half of this circle is the graph of y = f(x) = +/r? — x?,
it follows from (5) that the volume of the sphere is

b r x3 r 4 4
V= f alf())Pdx = f n(r* —x>dx=n I:rzx - ?] = gnr3 |

Not all solids of revolution have solid interiors; some have holes or channels that create
interior surfaces, as in the last part of Figure 8.2.8. Thus, we will be interested in problems
of the following type.
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Figure 8.2.12

Figure 8.2.13

#$8000000000000000000000000000000000060

VOLUMES BY DISKS AND
WASHERS PERPENDICULAR TO
THE y-AXIS

‘ 8.2.5 PROBLEM. Let f and g be continuous and nonnegative on [a, b], and suppose
that f(x) > g(x) for all x in the interval [a, b]. Let R be the region that is bounded
above by y = f(x), below by y = g(x), and on the sides by the linesx =aandx = b |
(Figure 8.2.124). Find the volume of the solid of revolution that is generated by revolving |
the region R about the x-axis. |

We can solve this problem by slicing. For this purpose, observe that the cross section of
the solid taken perpendicular to the x-axis at the point x is the annular or “washer-shaped”
region with inner radius g(x) and outer radius f(x) (Figure 8.2.12b); hence its area is

Ax) = alf)P — 7lg®F = 2(f )T - [T

Thus, from (3) the volume of the solid is

b .
V= f AP - [e)P) dx ©)

Because the cross sections are washer shaped, the application of this formula is called the
method of washers.

Example 4

Find the volume of the solid generated when the region between the graphs of the equa-

tions f(x) = % + x? and g(x) = x over the interval [0, 2] is revolved about the x-axis
(Figure 8.2.13).

1&)’

Y=

Not 1o scale

Solution. From (6) the volume is

b 2
V= [ atseor - st s = [ x (42T ) d
0

a

2 592 '
| x x 69
= — d = - —_ = <
[)n(4+x> X n[4+5]0 10

The methods of disks and washers have analogs for regions that are revolved about the y-
axis (Figures 8.2.14 and 8.2.15). Using the method of slicing and Formula (4), you should
have no trouble deducing the following formulas for the volumes of the solids in the figures.

d d
v=[auoray V= [ awor-pomd 7-8)

Disks Washers
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Example 5

Find the volume of the solid generated when the region enclosed by y = /x, v = 2, and
x = 0 is revolved about the y-axis (Figure 8.2.10),

y y AY

x=u(y)
X = w(yv)
T
> l » '
(@) (®) (a) h)

Figure 8.2.14 Figure 8.2.15

Solution. The cross sections taken perpendicular to the y-axis arc disks, so we will apply
(7). But first we must rewrite y = ,/x as x = y2. Thus, from (7) with u(v) = v, the

volume is
d 2 572
T 32n
V=/ N[u(y)]zdy=f my'dy = L] == <
¢ 0 5 0 5
AY T)’
(-l
2= 2
CEEhY O ETE
V |
x } i
> »
0 Ofe—x—|
Figure 8.2.16
Exercise SET 8.2 [€] cas
][ In Exercises 14, find the volume of the solid that results | In Exercises 5-14, find the volume of the solid that results
when the shaded region is revolved about the indicated axis. when the region enclosed by the given curves is revolved

about the x-axis.

y=x% x=0x=2, y=0

S.
6. y=secx, x=7n/4, x=m/3, y=0
7. y=4/cosx, x=n/4, x=7n/2, y=0
8. y=x% y=x3

3. 9. y=+25-x2, y=3

10. y=9—x2, y=0
11, y=¢*, y=0, x=0, x =1In3

12, y=e¥, y=0,x=0, x=1
13. x =/, x=y/4
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0, x = /4. [Hint: Use the
sin® x.]

14. y = sinx, y = cosx, v
identity cos 2x = cos’ v

In Exercises 15-22, find the volume of the solid that results}
35

when the region cnclosed by the given curves is revolved
about the y-axis.

15. y=x*, v =0, v=1

16. x =1 —y* v =0

17. x= /T4y, x=0, y=3

18. v=1? 1, x=2,y=0

19. v —csev, y=n/4, y=3n/4, x=0

20 v =1t x =y2

2l v =y, x=y+2

22, v =1—y2, x=24y, y=-1, y=1

23. Find the volume of the solid that results when the region

above the x-axis and below the ellipse
X2 y?

a—2+-b—2=1 (a>0,b>0)

is revolved about the x-axis.

24. Let V be the volume of the solid that results when the re-

gion enclosed by y = 1/x,y = 0,x = 2, and x = b
(0 < b < 2) is revolved about the x-axis. Find the value of
b for which V = 3.

25. Find the volume of the solid generated when the region en-

3.

36.

The base of a certain solid is the region enclosed by y = /%,
y =0, and x = 4. Every cross section perpendicular to the
x-axis is a semicircle with its diameter across the base. Find
the volume of the solid.

. Find the volume of the solid whose base is enclosed by the

circle x2 + y2 = 1 and whose cross sections taken perpen-
dicular to the base are

(a) semicircles

(b) squares

Derive the formula for the volume of a right circular cone
with radius r and height A.

closedby y = /x+ 1, y = +/2x, and y = 0 is revolved
about the x-axis. [Hint: Split the solid into two parts.]

26. Find the volume of the solid generated when the region en-

In Exercises 37 and 38, use a CAS to find the volume of the
solid that results when the region enclosed by the curves is
revolved about the stated axis.

closedby y = /x, y = 6 — x, and y = Qs revolved about
the x-axis. [Hint: Split the solid into two parts.]

27.

enclosed by y = /x, y = 0, and x = 9 is revolved about
the linex = 9.

28. Find the volume of the solid that results when the region in

Exercise 27 is revolved about the line y = 3.

29. Find the volume of the solid that results when the region

enclosed by x = y? and x = y is revolved about the line
y=-—1
30. Find the volume of the solid that results when the region in

Exercise 29 is revolved about the line x = —1.

31. A nose cone for a space reentry vehicleis designed so that
a cross section, taken x ft from the tip and perpendicular to
the axis of symmetry, is a circle of radius %xz ft. Find the
volume of the nose cone given that its length is 20 ft.

32. A certain solid is 1 ft high, and a horizontal cross section
taken x ft above the bottom of the solid is an annulus of
inner radius x? and outer radius /. Find the volume of the

solid.

41.

33. Find the volume of the solid whose base ‘is the region
bounded between the curves y = x and y = x2, and whose

cross sections perpendicular to the x-axis are squares.

G 37

Find the volume of the solid that results when the region [¢] 38.
39.

40.

y =sin®x, y=2x/m, x =0, x = n/2; x-axis

y=¢€", x=1, y=1; y-axis

The accompanying figure shows a spherical cap of radius
p and height h cut from a sphere of radius r. Show that the

volume V of the spherical cap can be expressed as
@) V = 37k’ (3r — h) (b) V = Lwh(3p? + h?)

Figure Ex-39

If fluid enters a hemispherical vat with a radius of 10 ftat a
rate of % £t /min, how fast will the fluid be rising when the
depth is 5 ft? [Hint: See Exercise 39.]

The accompanying figure shows the dimensions of a small

lightbulb at 10 equally spaced points.

(a) Use formulas from geometry to make a rough estimate
of the volume enclosed by the glass portion of the bulb.




