ANALYSIS
OF FUNCTIONS
AND THEIR GRAPHS

@ J'n this chapter we will use methods of calculus to
analyze functions and their graphs. We will be concerned
here with such matters as identifying where the graph of
a function is increasing or decreasing, where its high and
low points occur, which way it bends, and what its limiting
behavior is at important points.

One of the major goals of this chapter is to show how
calculus and graphing utilities, working together, can pro-
vide most of the important information about the behavior
of functions. Although graphing utilities can give us gen-
eral information about the shape of a graph, such graphs
lack perfect precision, since they are based on numeri-
cal approximations that can be affected by compression,
distortion, and sampling error—it requires calculus to pin
down the exact location of the key features and to reveal
the nature of the fine detail. On the other hand, graphs
produced by graphing utilities often provide information
that is useful in pointing the calculus analysis in the right
direction.
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Although graphing utilities are useful for determining the general shape of a graph,
many problems require more precision than graphing utilities are capable of produc-
ing. The purpose of this section is to develop mathematical tools that can be used to
determine the exact shape of a graph and the precise location of its key features.

The terms increasing, decreasing, and constant are used to describe the behavior of a
function over an interval as we travel left to right along its graph. For example, the function
graphed in Figure 5.1.1 can be described as increasing on the interval (—oo, 0], decreasing
on the interval [0, 2], increasing again on the interval [2, 4], and constant on the interval
[4, 4-o0).
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Figure 5.1.1

The following definition, which is illustrated in Figure 5.1.2, expresses these intuitive
ideas precisely.

5.1.1 DEFINITION. Let f be defined on an interval, and let x; and x; denote points in
that interval.

(a) f isincreasing on the interval if f(x;) < f(x,) whenever x; < x;.
(b) f isdecreasing on the interval if f(x;) > f(x) whenever x; < x;.

(c) f is constant on the interval if f(x;) = f(xy) for all points x; and x,.

lncreasing" VDecreasing
g '“"’T‘“W MT SR Constant
7~ e T T
\ @ !
Ol N L
Fd | | 1\ fe) | f)
| I | | |
| | |
fe) | | 3 o) ! B
X ) x ) % *2
| fo) < fe) it < | ) > flay) iy <3y | ) =l for all 5y and
(a) (b) ()

Figure 5.1.2

Figure 5.1.3 suggests that a differentiable function f is increasing on any interval Where:
its graph has tangent lines with positive slope, is decreasing on any interval where its graph
has tangent lines with negative slope, and is constant on any interval where its graph has
tangent lines with zero slope. This intuitive observation suggests the following imp!
theorem that will be proved in Section 6.5.
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Figure 5.1.3

‘ 5.1.2 THEOREM. Let f be a function that is continuous on a closed interval [a, b]
{ and differentiable on the open interval (a, b).

l (@) If f'(x) > O for every value of x in (a, b), then f is increasing on [a, b].

» b) If f'(x) < 0 for every value of x in (a, b), then f is decreasing on [a, b].

é (¢) If f'(x) = 0 for every value of x in (a, b), then f is constant on [a, b).

REMARK. Observe that in Theorem 5.1.2 it is only necessary to examine the derivative of
J on the open interval (a, b) to determine whether f is increasing, decreasing, or constant
on the closed interval [a, b]. Moreover, although this theorem was stated for a closed interval
[a, b], it is applicable to any interval I on which f is continuous and inside of which fis
differentiable. For example, if f is continuous on (@, +) and f'(x) > 0 for each x in the
interval (a, +0), then f is increasing on [a, +o0); and if f/(x) < 0 on (—co, +0), then fis
decreasing on (—oo, +o0) [the continuity on (—co, 4+-o0) follows from the differentiability].
Example 1
Find the intervals on which the following functions are increasing and the intervals on which
they are decreasing.

@ f)=x*—4x+3  (b) f(x)=x°

Solution (a). The graph of f in Figure 5.1.4 suggests that f is decreasing for x < 2 and
increasing for x > 2. To confirm this, we differentiate f to obtain

fx)=2x—-4=2(x-2)
It follows that
flx) <0 if —w<x<2
f'x) >0 if 2 <x <+
Since f is continuous at x = 2, it follows from Theorem 5.1.2 and the subsequent remark
that
f is decreasing on (—co, 2]
f is increasing on [2, +o0)
These conclusions are consistent with the graph of f in Figure 5.1.4.

Solution (b). The graph of f in Figure 5.1.5 suggests that f is increasing over the entire
x-axis. To confirm this, we differentiate f to obtain f’(x) = 3x2. Thus,

flx) >0 if —0o<x<0
fl(x) >0 if 0<x < 4o
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l Since f is continuous at x = 0,
f is increasing on (—oo, 0]
f is increasing on [0, 4-o0)

20 - Hence f is increasing over the entire interval (—oo, 4-00), which is consistent with the graph
in Figure 5.1.5 (see Exercise 51). <

| :‘ ) DA I A Example 2
(a) Use the graph of f(x) = 3x* 4 4x> — 12x? 4 2 in Figure 5.1.6 to make a conjecture

L about the intervals on which f is increasing or decreasing.

- (b) Use Theorem 5.1.2 to determine whether your conjecture is correct.

L Solution (a). The graph suggests that f is decreasing if x < —2, increasingif —2 < x <0,
i ) =t 1222 42| decreasing if 0 < x < 1, and increasing if x > 1.

hi | ‘ F]gur65w16 - Solution (b). Differentiating f we obtain

1 | flx) = 1263 + 12x% — 24x = 2x(x*+x—=2)=12x(x + 2)(x = 1)

The sign analysis of f’ in Table 5.1.1 can be obtained using the method of test points
| | discussed in Appendix A. The conclusions in that table confirm the conjecture in part (a).

<

‘ ‘ Table 5.1.1

‘ Y <2 - fis decreasing on (—eo, —2]
il ‘ 1l 2<x<0 -
‘ O<x<1 +

| 1<x +
|

- +  fisincreasing on [-2, 0]
fis decreasing on [0, 1]
+ +  fisincreasing on [1, +oo)

+ + +
l
\

“ $00090000000000000003700000000000028 see

Although the sign of the derivative of f reveals where the graph of f is increasing or

“ il CONCAVITY decreasing, it does not reveal the direction of curvature. For example, on both sides of the

‘ point in Figure 5.1.7 the graph is increasing, but on the left side it has an upward curvature

‘ } il (“holds water”) and on the right side it has a downward curvature (“spills water”). On

\ intervals where the graph of f has upward curvature we say that f is concave up, and on
intervals where the graph has downward curvature we say that f is concave down.

For differentiable functions, the direction of curvature can be characterized in terms of
the tangent lines in two ways: As suggested by Figure 5.1.8, the graph of a function f
has upward curvature on intervals where the graph lies above its tangent lines, and it has
downward curvature on intervals where it lies below its tangent lines. Alternatively, the
graph has upward curvature on intervals where the tangent lines have increasing slopes and
downward curvature on intervals where they have decreasing slopes. We will use this latter

Il “‘ INTERVAL 12x  x+2 x-1 ’ CONCLUSION
‘ | \

|

\

- Concave
down

. 'spills i . .-
fl characterization as our formal definition.

U 5.1.3 DEFINITION. If f is differentiable on an open interval I, then f is said to be
it L) Figure 5.1.7 concave up on I if f'is increasing on I, and f is said to be concave down on I if f' 18
il 1 ‘1 decreasing on /.

|
|
\
|
|

[ i To apply this definition we need some way to determine the intervals on which f "8
Wi increasing or decreasing. One way to do this is to apply Theorem 5.1.2 (and the remark
| that follows it) to the function f’. It follows from that theorem and remark that f' will b
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increasing where its derivative f” is positive and will be decreasing where its derivative f”
is negative. This is the idea behind the following theorem.

5.1.4 THEOREM. Let f be twice differentiable on an open interval I.
(@) If f"(x) > 0on I, then f is concave up on I.
(b) If f"(x) <0onl, then f is concave down on I.

Example 3

Find open intervals on which the following functions are concave up and open intervals on
which they are concave down.

(@) f(x)=x>—4x+3 ®) fx)=x3 (©) fx)=x>—=3x2+1

Solution (a). Calculating the first two derivatives we obtain
f'x)=2x—4 and f'(x)=2

Since f”(x) > 0 for all x, the function f is concave up on (—oo, 4-00). This is consistent
with Figure 5.1.4.

Solution (b). Calculating the first two derivatives we obtain
flx)=3x> and f"(x) =6x

Since f”(x) < 0if x < O and f”(x) > 0if x > 0, the function f is concave down on
(—o0, 0) and concave up on (0, +o0). This is consistent with Figure 5.1.5.

Solution (c). Calculating the first two derivatives we obtain
fi(x) =3x*—6x and f’(x)=6x—6=6(x—1)

Since f”(x) > 0if x > 1 and f”(x) < 0if x < 1, we conclude that
f is concave up on (1, +o0)

f is concave down on (—co, 1)

which is consistent with the graph in Figure 5.1.9. D |

Points where a graph changes from concave up to concave down, or vice versa, are of special
interest, so there is some terminology associated with them.

' 5.1.5 DEFINITION. If f is continuous on an open interval containing the point xo, |
~and if f changes the direction of its concavity at that point, then we say that f has an

inflection point at x,, and we call the point (xo, f(xo)) on the graph of f an inflection
| point of f (Figure 5.1.10). |
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3 has an inflection point at x = 0 (Figure 5.1.5), the

For example, the function f (x) =x
nflection point at x = 1 (Figure 5.1.9), and the

\
function f(x) = x> — 3x2 4+ 1 has ani
function f(x) = x* —4x + 3 hasno inflection points (Figure 5.1.4).

| Example 4
Use the graph in Figure 5.1.6 to make rough estimates of the locations of the inflection
points of f(x) = 354 4 4x3 — 12x2 + 2, and check your estimates by finding the exact

location of the inflection points.

Solution. The graph changes from concave up to concave down somewhere between —2
and —1, say roughly at x = —1.25; and the graph changes from concave down to concave
up somewhere between 0 and 1, say roughly at x = 0.5. To find the exact location of the

\
inflection points, we start by calculating the second derivative of f:

‘ fl(x)= 1223 4 12x% — 24x
f'(x) = 36x2 4+ 24x — 24 = 12(3x% +2x —2)
n of f" by factoring this function and applying the method of test

r approach. The graph of f"isa parabola
f" = 0 has the roots

We could analyze the sig
points (as in Table 5.1.1). However, here is anothe
that opens up, and the quadratic formula shows that the equation

—1—+T —1++7
x:——gf—%—l.22 and x:——_;’%O.SS 1)
(verify). Thus, from the rough graph of f " in Figure 5.1.11 we obtain the sign analysis of
f" in Table 5.1.2; this implies that f has inflection points at the points in (D). 2 |
Table 5.1.2
Fi 5.1.11 it e S T
eme INTERVAL SIGN OF ONCLUSION
| R e ———— -
‘ x < _1’;\/—5 + f is concave up
= —S\H <x< ! ;ﬁ - f is concave down
—1+\7 :
x>—a + f is concave up

nflection points of f occurred at points where f "(x) =0,

However, inflection points do not always occur at points where f(x) = 0. For example,
if the graph of f” happens to touch the x-axis at a point without crossing over it, then b’
will not change sign at that point, and hence no change in the concavity of £ will occur at

that point. Here is a specific example.

In the preceding example the i

Example 5
Find the inflection points of f(x) = x*

Solution. Calculating the first two derivatives of f we obtain

flaoy=4x, f'x)= 127
Here f"(x) > Oforx <0 and for x > 0, which implies that f is concave up for x <
and for x > 0. Thus, there are no inflection points; and in particular, there is no inflection

point at x = 0, even though f"(0) = 0 (Figure 5.1.12). <

T.% <0
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Example 6

Find the inflection points of the following functions, and confirm that your results are con-
sistent with the graphs of the functions.

(@) f(x)=xe™™ () f(x) =sinx, 0<x <27 (c) f(x)=tan"'x

Solution (a). Calculating the first two derivatives of f we obtain
) =0-x)e™, f'(x)=x-2)e"

(verify). Keeping in mind that e~ is always positive, it follows that the sign of f” is deter-
mined by the factor x — 2. Thus, f”(x) < 0if x < 2, and f”(x) > 0if x > 2, which
implies that the graph is concave down for x < 2 and concave up for x > 2. Thus, there is
an inflection point at x = 2 (Figure 5.1.13a).

Solution (b). Calculating the first two derivatives of f we obtain
f(x) =cosx, f’(x)=—sinx

Thus, f"(x) < 0if 0 < x < 7, and f"(x) > 0if = < x < 27, which implies that the
graph is concave down for 0 < x < 7 and concave up for 7 < x < 2. Thus, there is an
inflection point at x = 7 & 3.14 (Figure 5.1.130).

Solution (¢). Calculating the first two derivatives of f we obtain

p _ 2x
1+x2’ f (x)_ (1+x2)2

(verify). Thus, f”(x) > 0if x < 0, and f”(x) < 0 if x > 0, which implies that the graph
is concave up for x < 0 and concave down for x > 0. Thus, there is an inflection point at
x = 0 (Figure 5.1.13¢). <

') =

FOR THE READER.  If you have a CAS, devise a method for using it to find exact values

¢ for the inflection points of a function f, and use your method to find the inflection points

of f(x) = x/(x? 4 1). Verify that your results are consistent with the graph of f.

Up to now we have viewed the inflection points of acurve y = f(x) as those points where the
curve changes the direction of its concavity. However, inflection points also mark the points
on the curve where the slopes of the tangent lines change from increasing to decreasing, or
vice versa (Figure 5.1.14); stated another way:

Inflection points mark the places on the curve y = f(x) where the rate of change of y
with respect to x changes from increasing to decreasing, or vice versa.

I y=f0) iad ¥y =f)
P Slope )
“ Slope increasing
decreasing
'
Slope N T
increapsin ; ol ‘
& ! //glope ‘
s : /" decreasing J‘
= 1 x | X
Xo . X e

Figure 5.1.14
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\ Note that we are dealing with a rather subtle concept here—a change of a rate of change.
However, the following physical example should help to clarify the idea: Suppose that water
is added to the flask in Figure 5.1 15 in such a way that the volume increases at a constant
rate, and let us examine the rate at which the water level y rises with the time ¢. Initially,
the level y will rise at a slow rate because of the wide base. However, as the diameter of the
flask narrows, the rate at which the level y rises will increase until the level is at the narrow
point in the neck. From that point on the rate at which the level rises will decrease a: the
diameter gets wider and wider. Thus, the narrow point in the neck is the point at which the
rate of change of y with respect to ¢ changes from increasing to decreasing.

y (depth of water)

_~"Concave down

= 7'7%7;4——— The inflection point
/ occurs when the water
level is at the narrowest

G ».JT:
anesie UP point on the flask

t (time)

‘ | “‘ Figure 5.1.15

}‘ ‘ \‘ EXERCISE SET 5.1 ™ Graphing Calculator CAS

| i 1. Ineach part, sketch the graph of a function f with the stated 4. Use the graph of the equation y = f '(x) in the accompa-

i properties, and discuss the signs of £’ and f". nying figure to find the signs of dy/dx and d?y/dx* atthe
‘ (a) The function f is concave up and increasing on the points A, B, and C.

|

l e St interval (—o0, 40).

il il (b) The function f is concave down and increasing on the
i I interval (—oo, +0).

. “ N (c) The function f is concave up and decreasing on the
i i interval (—oo, +0).

}. R (d) The function f is concave down and decreasing on the
Bt S interval (—oo, +00).

l

11 i 2. In each part, sketch the graph of a function f with the stated
itk 00 properties.
I Rl (a) f isincreasing on (— +o0), has an inflection point at Figure Ex-3 Figure Ex-4
} \‘ H | the origin, and is concave up on (0, 40).

il ) (b) f is increasing on (—%, 400, has an inflection point at

NilE sl

ikt the origin, and is concave down on (0, +0). 5. Use the graph of y = f"(x) in the accompanying figure L
‘ B (c) f isdecreasingon (—oo, +0), has an inflection point at determine the x-coordinates of all inflection points of I
il \‘ Hill the origin, and is concave up on (0, +). Explain your reasoning.

l‘ \ i ‘ @ fis df:c'reasing.on (—o0, +00), has an inflection point at 6. Use the graph of y = £/(x) in the accompanying ﬁgurle ;
il lee il the origin, and is concave down on 0, +0). replace the question mark with <, =, or >, a8 approprid®
i ‘\ Al 3. Use the graph of the equation y = f(x) in the accompa- Explain your reasoning.

i i nying figure to find the signs of dy/dx and d*y/dx at the @ f©O) ? fA) ® fA)? f@ © fO i’

points A, B, and C. @ () ?0 @© o220 © 72 1
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" 7 : I S "
%, ¥ = r In Exercises 25-30, analyze the trigonometric function f
T ; , over the specified interval, stating where f is increasing, de- !
1t ] y=f creasing, concave up, and concave down, and stating the x-
J, : | coordinates of all inflection points. Confirm that your results
e ‘ | . are consistent with the graph of f generated with a graphing
W I T U VI - \' \ 3 utility.
=2 \/ "/ 3 I\ 2 ,

e \ ‘
® s ] 25. f(x) =cosx; [0, 2]

Figure Ex-5 Figure Ex-6

R 26. f(x) = sin®2x; [0, 7]

7. Ineach part, use the graph of y = f(x) in the accompanying [ 27- f(x) = tanx; (=7/2,7/2)

figure to find the requested information. [ 28. f(x) =2x +cotx; (0,m)
(a) Find the intervals on which f is increasing. K 29. f(x) =sinxcosx; [0, 7]
(b) Find the intervals on which f is decreasing. K 30. f(x) = cos?x — 2sinx; [0, 27]
(c) Find thie open intetvals on which f is-concave-up. 31. In each part sketch a continuous curve y = f(x) with the
(d) Find the open intervals on which f is concave down. stated properties.
(e) Find all values of x at which f has an inflection point. (@ f)=4, f'2)=0, f"(x) >0 forall x
) f2)=4,f2)=0, f"(x) <O0forx <2, f"(x) > 0 |
Ly forx > 2 |
() f(2)=4, f"(x) <Oforx # 2and Iir121+ F(x) = +oo,
& _ g X —>
e S lim f'(x) = —o
| / | y x—=>2-"
: o ﬂ T 32. In each part sketch a continuous curve y = f(x) with the \
: 3 . / f . stated properties.
TN ] s e T @ f2)=4, f@) =0, f'(x) <0forallx
‘ L/ b)) f2)=4, f'2)=0, f"(x) >0forx <2, f"(x) <0 i
M P4 forx > 2
Figure Ex7 (© f2)=4, f"(x) > 0forx # 2andxlinzl+ f(x) = —oo,
| Jim () =+r
ha- ; 8. Use the graph in Exercise 7 to make a table that shows the 33. In each part, assume that a is a constant and find the inflec-
[he Signs of f/ and f” over the intervals (1! 2), (27 3)1 (35 4)7 tiOl‘l pOthS, if any. ‘
4,5), (5,6), and (6, 7). (@ f(x)=x—a) ) fx)=@x—a)
In Bxercises 9-24, find: (a) the intervals on which £ is in- 34. Given that a is a constant and n is a positive integer, what |

can you say about the existence of inflection points of the

creasing, (b) the intervals on which f is decreasing, (c) the . ”
function f(x) = (x — a)"? Justify your answer.

open intervals on which f is concave up, (d) the open inter-
vals on which f is concave down, and (e) the x-coordinates
of all inflection points.

I If f is increasing on an interval [0, b), then it follows from
. Definition 5.1.1 that f(0) < f(x) for each x in the interval. |
- Use this result in Exercises 35-38. 5

9. fx) =x>—5x+6 10. f(x) =4 —3x — x?

3 T s A
1 1. _ 3 K 3 ] 35. Show that /14 x < 1 + 3x if x > 0, and confirm the in-
‘ f6) = +2) 1 fe) =5+ 12 —x equality with a graphing utility. [Hinz: Show that the func-
B, f(x) = 3x% — 453 14. f(x) =x*—8x2+16 tion f(x) =1+ %x — ST +xis increasing on [0, 4+).]
‘ 5 [ 36. Show that x < tanx if 0 < x < /2, and confirm the in-
: 10 ‘15. flx) = zx* 16. f(x) = % ‘ equality with a graphing utility. [Hint: Show that the func-
- | x* 42 x*+2 tion f(x) = tanx — x is increasing on [0, 7/2).]
B f(x) = % +2 18. f(x) =x*? [~] 37. Useagraphing utility to make a conjecture aboutth.e relative
‘% o ‘ 19 y ; ; sizes of x and sinx for x > 0, and prove your conjecture.
j B _ A3 13
" @) =xP0+ 4 2. flr)=x"—x ] 38. (a) Show that ¢* > 1+ x if x > 0.
1. fx) = /2 22, f(x) = xe* (b) Show thate* > 1+ x + %xz if x > 0.

(¢) Confirm the inequalities in parts (a) and (b) with a
- f(x) = In(1 + x?) 24. f(x) =x’Inx graphing utility.
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i i ST (c) Usetheresultinpart(b) to find the inflection point of the

\\ Mo

v ercises 39 and 40, use a graphing utility to generate the | cubic polynomial f(x) = +3—3x242x, and check your
 graphs of f" and f” over the stated interval; then use those | result by using f” to determine where f is concave up
- graphs to estimate the x-coordinates of the inflection points | and concave down.

of f , the intervals on wh.lcl.l fis concave up or .down, and | £ 50. From Exercise 49, the polynomial f(x) = 2+ bt &1
. the intervals on which f is increasing or decreasing. Check . ; . : s
= I has one inflection point. Use a graphing utility to reach a

| yourestimates By sraphineg 7. conclusion about the effect of the constant b on the location
_ A 94y2 of the inflection point. Use f” to explain what you have
| | 3. fo)=x 24x% +12x, —5<x=5 observed graphically.
i ~ 40. f(x) = Tra2 —-5<x<5 51. Use Definition 5.1.1 to prove:
Ii ‘ + x 5 (a) If f is increasing on the intervals (a, ¢] and [c, b), then
41. For the fun'ctlon f(x) = /(1 + x ), use the methpd of £ is increasing on (a, b).
Example 6 1q Sect19n 2.4 t0 approixnnate the x-coordinates (b) If f is decreasing on the inter vals (a, ¢] and [c, b), then
of the inflection points to two decimal places. £ is decreasing on (, b).
42. For th'e funct.lon fin Exerc1s§ 40, use the methgd of Exam- 52. Use part (a) of Exercise 51 to show that f(x) = x + sinx
ple 6 in Section 2.4 to approximate the x-coordinates of the is increasing on the interval (—os, 4-20).

i i inflection points to two decimal places. )
| 1 . o - B 53. Suppose that the spread of a flu virus on a college campus

‘ L | ; In Exercises 43 and 44, use a CAS to find f”, and then use is modeled by the function
‘ I the method of Example 6 in Section 2.4 to approximate the | 1000
(/A . x-coordinates of the inflection points to one decimal place. - Y@ = ———5r
‘ ’ 1 4+ 999¢—0-9

HUBEAN 1 Confirm that your answer is consistent with the graphof f.
B - S - - where y(t) is the number of infected students at time ¢ (in

| e 3 . : ; i ;
MR 1 1 _ 10x —3 X = 8x +7 days, starting witht = 0). Use a graphing utility to estimate
HRAE [c] 43 f) = 3x2 — 5x +8 4. fO) = m the day on which the virus is spreading most rapidly.

45. Use Definition 5.1.1 to prove that f(x) = x* is increasing 54. Let y = 1/(1 + x?). Find the values of x for which y is

on [0, +00). increasing and decreasing most rapidly.
46. Use Definition 5.1.1 to prove that f(x) = 1/x is decreasing In Exercises 55 and 56, suppose that water is flowing at a
on (0, +). . constant rate into the container shown. Make a rough sketch
47. Tneach part, determine whether the statement is true or false. * of the graph of the water level y versus the time . Make sure
If it is false, find functions for which the statement fails to that your sketch conveys where the graph is concave up and
hold. concave down, and label the y-coordinates of the inflection
(a) If f and g are increasing on an interval, then so is f+g. points.

(b) If f and g are increasing on an interval, then so is f-g.

48. In each part, find functions f and g that are increasing on S5. » 56.

(—o0, +0) and for which f — g has the stated property.
(a) f — g is decreasing on (—o, ).
(b) f — g is constant on (—oo, +00).
(c) f — g isincreasing on (—oo, +o0).
49. (a) Prove that a general cubic polynomial
f(x) —axP+bx’4+cx+d (a#0)

has exactly one inflection point.

(b) Prove that if a cubic polynomial has three x-intercepts,
then the inflection point occurs at the average value of
the intercepts.




5.2 - Analysis of Functions II: Relative Extrema; First and Second Derivative Tests 299

]

e 5.2 ANALYSIS OF FUNCTIONS II: RELATIVE EXTREMA; FIRST

it AND SECOND DERIVATIVE TESTS

p

1 In this section we will discuss methods for finding the high and low points on the

I graph of a function. The ideas we develop here will have important applications.

e T R e If we imagine the graph of a function f to be a two-dimensional mountain range with hills
RELATIVE MAXIMA AND MINIMA and valleys, then the tops of the hills are called relative maxima, and the bottoms of the

valleys are called relative minima (Figure 5.2.1).

™ The relative maxima are the high points in their immediate vicinity, and the relative
Highest minima are the low points. Note that a relative maximum need not be the highest point
on mountain . in the entire mountain range, and a relative minimum need not be the lowest point—they
n?ae;?r%?n are just high and low points relative to the nearby terrain. These ideas are captured in the
' /‘* following definition.

Ry T Lo — e
s : rmi'ﬁ;';’; il | 5.2.1 DEFINITION. A function f is said to have a relative maximum at x, if there is |
valley an open interval containing xo on which f(x) is the largest value, that is, f(xo) > f(x) 3

Figure 5.2.1 - for all x in the interval. Similarly, f is said to have a relative minimum at x, if there is an

J open interval containing xo on which f(xo) is the smallest value, that is, f(xo) < f(x)

' for all x in the interval. If f has either a relative maximum or a relative minimum at X0, |
in ' then f is said to have a relative extremum at x. |
~. .. b e

Example 1

= Locate the relative extrema of the four functions graphed in Figure 5.2.2.
N Solution.
a
h (a) The function f(x) = x? has a relative minimum at x = 0 but no relative maxima.
© (b) The function f(x) = x> has no relative extrema.
:g (c) The function f(x) = x> — 3x + 3 has a relative maximum at x = —1 and a relative
minimum at x = 1.
(d) The function f(x) = cos x has relative maxima at all even multiples of 7 and relative
minima at all odd multiples of 7. <
AY
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5 =
41 \ Y
3 -
0 AW/AWA
1 —
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Figure 5.2.2
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FIRST DERIVATIVE TEST

Relative extrema can be viewed as the transition points that separate the regions where
a graph is increasing from those where it is decreasing. As suggested by Figure 5.2.3, the
relative extrema of a continuous function f occur either at corners or at points where the
graph of f has ahorizontal tangent line. This is the content of the following theorem, whose
proof is given in Appendix G.

' 522 THEOREM. Ifa function f has any relative extrema, then they occur either at
' points where f'(x) = 0 or at points where f is not differentiable. ‘

The points at which either f'(x) = 0 or f is not differentiable are called the critical points
of f, so that Theorem 5.2.2 can be rephrased as follows:

The relative extrema of a function, if any, occur at critical points.

Sometimes we will want to distinguish the critical points at which f/(x) = 0 from those
points where f is not differentiable, in which case we will call the critical points at which
£'(x) = 0 the stationary points of f.

It is important not to read too much into Theorem 5.2.2—the theorem asserts that the
relative extrema must occur at critical points, but it does not say that a relative extremum
occurs at every critical point; that is, there may be critical points at which a relative ex-
tremum does not occur. For example, for the eight critical points shown in Figure 5.2.4,
relative extrema occur at all of the points in the top row, but not at any of the points in the
bottom row.

.
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Figure 5.2.4

To develop an effective method for finding critical points of a function f, we need some
criteria that will enable us to distinguish between the critical points where relative extrema
occur and those where they do not. One such criterion can be motivated by examining the
sign of the first derivative of f on each side of the eight critical points in Figure 5.2.4:

o At the two relative maxima in the top row, f’ is positive to the left of xo and negative
to the right.

o At the two relative minima in the top row, f’ is negative to the left of xo and positive t0
the right.

o At the first two critical points in the bottom row, f” is positive on both sides of xo-

o At the last two critical points in the bottom row, f ’ is negative on both sides of xo-
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i Sign of f/(x) = 5x'3(x - 2) '

Figure 5.2.5
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These observations suggest that relative extrema of a function f occur at those critical
points, and only those critical points, where f’ changes sign. Moreover, if the sign changes
from positive to negative, then a relative maximum occurs; and if the sign changes from
negative to positive, then a relative minimum occurs. This is the content of the following
theorem, whose proof is given at the end of this section.

5.2.3 THEOREM (First Derivative Test). ~ Suppose f is continuous at a critical point xg.

(@) If f'(x) > 0 on an open interval extending left from xq and f'(x) < 0 on an open |
interval extending right from xy, then f has a relative maximum at x.
(b)) If f'(x) < 0onanopen interval extending left from xo and f'(x) > 0 on an open
interval extending right from xq, then f has a relative minimum at x,.
(¢) If f'(x) has the same sign [either f'(x) > 0 or f'(x) < 0] on an open interval
extending left from xo and on an open interval extending right from xo, then f does
not have a relative extremum at xo.

Example 2

(a) Locate the relative maxima and minima of f(x) = 3x%3 — 15x2/3.

(b) Confirm that the results in part (a) agree with the graph of f.

Solution (a). The function f is defined and continuous for all real values of x, and its
derivative is
S(x—2
fl) =527 —10xP =55 1Bx —2) = Sx—2)
173
Since f’(x) does not exist if x = 0, and since f'(x) = 0 if x = 2, there are critical points
at x = 0 and x = 2. To apply the first derivative test, we examine the sign of f/(x) on
intervals extending to the left and right of the critical points (Figure 5.2.5). Since the sign of
the derivative changes from positive to negative at x = 0, there is a relative maximum there,
and since it changes from negative to positive at x = 2, there is a relative minimum there.

Solution (b). Theresultin part (a) agrees with the graph of f shown in Figure 5.2.6. <

FOR THE READER.  As discussed in the subsection of Section 1.3 entitled Errors of Omis-
sion, many graphing utilities omit portions of the graphs of functions with fractional expo-
nents and must be “tricked” into producing complete graphs; and indeed, for the function
in the last example the author’s calculator and CAS both failed to produce the portion of
the graph over the negative x-axis. To generate the graph in Figure 5.2.6, the author had to
apply the techniques discussed in Exercise 29 of Section 1.3 to each term in the formula for
/. Use a graphing utility to generate this graph.

Example 3
Locate the relative extrema of f(x) = x* — 3x? + 3x — 1, if any.
Solution. Since f is differentiable everywhere, the only possible critical points are sta-
tionary points. Differentiating f yields
Fio) =3x% —6x +3 = 3(x — 1)?

Solving f/(x) = 0 yields x = 1 as the only stationary point. However, 3(x — 1)2 > 0 for
all x, so f’(x) does not change sign at x = 1; consequently, f does not have a relative
extremum at x = 1. Thus, f has no relative extrema (Figure 5.2.7). <

FOR THE READER.  How many relative extrema can a polynomial of degree n have? Ex-
plain your reasoning.
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SECOND DERIVATIVE TEST
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MORE ON THE SIGNIFICANCE OF
INFLECTION POINTS

There is another test for relative extrema that is often easier to apply than the first derivative
test. It is based on the geometric observation that a function f has a relative maximum at a
stationary point if the graph of f is concave down on an open interval containing the point,
and it has a relative minimum if it is concave up (Figure 5.2.8).

52.4 THEOREM (Second Derivative Test). ~ Suppose that f is twice differentiable at the
point xg.

(@) If f'(xo) = 0and f"(x0) > 0, then f has a relative minimum at Xo.

(b) If f'(x0) = 0and f"(x0) <0, then f has a relative maximum at Xo.

(©) If f'(xo) = 0and f"(x0) =0, then the test is inconclusive; that is, f may have a
relative maximum, a relative minimum, or neither at xo.

REMARK. The proof of parts (a) and (b) is given at the end of this section. For part (c),
consider the functions f(x) = x3, f(x) = x*, and f(x) = —x*. In all three cases we have
£'(0) = Oand f”(0) = 0 (verify); but from Figure 1.6.4, f(x) = x* has a relative minimum
atx = 0, f(x) = —x* has a relative maximum at x = 0 (why?), and f(x) = x> has neither
a relative maximum nor a relative minimum at x = 0.

Example 4
Locate the relative maxima and minima of f(x) = x* — 2x2, and confirm that your results
are consistent with the graph of f.

Solution.

fi(x) =4x3 —dx =4x(x — D + 1)

fr(x) =12x>—4
Solving f'(x) = 0 yields the stationary points x = 0,x = 1, and x = —1. Evaluating f"
at these points yields

f'(0)=-4<0

(1) =8>0

(-1 =8>0
so there is a relative maximum at x = 0 and relative minima at x = 1 and x = —1 (Figure
5.2.9). <

In Section 5.1 we observed that the inflection points of a curve y = f(x) mark the points
where the slopes of the tangent lines change from increasing to decreasing, or vice versa.
Thus, in the case where f is twice differentiable, the inflection points mark the places on the
curve y = f(x) where f(x) has a relative maximum or minimum (Figure 5.2.10); stated
another way:

Inflection points mark the places on the curve y = f(x) at which the rate of change of y
with respect to x has a relative maximum or minimum; that is, they are the places where
y is increasing or decreasing most rapidly in the immediate vicinity.

As an illustration of this principle, consider the flask shown in Figure 5.1.15. We observed
in Section 5.1 that if water is poured into the flask so that the volume increases at a constant
rate, then the graph of y versus ¢ has an inflection point when y is at the narrow point in the
neck. However, this is also the place where the water level is rising most rapidly.
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PROOF OF THE FIRS

Proof. We will prove part (a) and leave parts (b) and (c) as exercises. We are assuming 1

lts that f'(x) > 0 on the interval (a, xo) and that f'(x) < 0 on the interval (xo, b), and we |
want to show that | |
“
f@x) = fx) i
\
for all x in the interval (a, b). However, the two hypotheses, together with Theorem 5.1.2 |
(and its following remark) imply that f is increasing on the interval (a, x,] and decreasing
o on the interval [xo, b). Thus, f(xq) > f(x)forallx in (a, b) with equality only at x,. i
) \ ID DERIVATIVE TEST
Proof. We will prove part (a) and leave part (b) as an exercise. We want to show that if
f'(xo) = 0and f"(xp) > 0, then f has a relative minimum at x; that is, there is an open
1re interval (a, b) containing x on which
Fx) = f(xo)
it For simplicity, we will assume that f” is continuous at xo. The proof for the case where f is
o twice differentiable at x is left for more advanced courses. Observe first that the tangent line
he at xo is horizontal [since f'(xp) = 0], and hence its equation is y = f(xg). Moreover, since
"(x9) > 0, and since f” is continuous at x, there is an open interval (a, b) containing x
ted

on which f”(x) > 0. This implies that f is concave up on (a, b), and hence its graph lies
above the tangent line y = f(xo) over the interval (a, b). This shows that f(x) > f(xo) on
the interval (a, b). |
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EXERCISE SET 5.2 [ Graphing Calculator CAS
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1. In each part, sketch the graph of a continuous function f

with the stated properties.

(a) f is concave up on the interval (—oo, 4+o0) and has ex-
actly one relative extremum.

(b) f is concave up on the interval (—oo, +o0) and has no
relative extrema.

(c) The function f has exactly two relative extrema on the
interval (—oo, +o0), and f(x) — 40 as x — +o.

(d) The function f has exactly two relative extrema on the
interval (—oo, +0o0), and f(x) —> —oe as X — +o0.

2. In each part, sketch the graph of a continuous function f

with the stated properties.

(a) f has exactly one relative extremum on (—o0, +), and
f(x)— 0 as x — o0 and as x — —co.

(b) f has exactly two relative extrema on (—o0, +o0), and
f(x)— 0 as x — oo and as x — —co.

(c) f has exactly one inflection point and one relative ex-
tremum on (—oo, 400).

(d) f has infinitely many relative extrema, and f(x)—0
as x — +oo and as x —> —oo.

3. (a) Use both the first and second derivative tests to show
that f(x) = 3x*> — 6x + 1 has a relative minimum at
%=1

(b) Useboth the firstand second derivative tests to show that
f(x) = x> = 3x + 3 has a relative minimum at x = 1
and a relative maximum at x = —1L.

4. (a) Use both the first and second derivative tests to show
that f(x) = sin? x has a relative minimum at x = 0.
(b) Use both the first and second derivative tests to show
that g(x) = tan® x has a relative minimum at x = 0.
(c) Give an informal verbal argument to explain without
calculus why the functions in parts (a) and (b) have
relative minima at x = 0.

5. (a) Show that both of the functions Flx) = &= 1)* and
g(x) = x> — 3x? + 3x — 2 have stationary points at
x=1.

(b) What does the second derivative test tell you about the
nature of these stationary points?

(c) What does the first derivative test tell you about the
nature of these stationary points?

6. (2) Show that f(x) = 1 —x° and g(x) = 3x* — 8x> both
have stationary points at x = 0.

(b) What does the second derivative test tell you about the
nature of these stationary points?

(c) What does the first derivative test tell you about the
nature of these stat1onary points?

In Exerc1ses 7 12 locate the critical points, and clasmfy them
as stauonary pomts or pomts of nond1fferent1ab111ty

7. (a) f(x)—x +3x2—9x +1
(b) f(x)—x —6x2 -3

8. (a) fx)=2x"—6x+7 (b) f(x)= It —dg®

9. (a) fx) = x—z% ) fx) = x>
2 _
10. () f) =377 (b) f@x) = Vx+2

11. (a) f(x)—x1/3(x+4)
12. (a) f(x)—x —6x'3

(b) f(x)=cos3x
(b) f(x) = [sinx]|
In Exercises 13 and 14 use the graph of )” shown in the

| - figure to estimate all values of x at which f has (a) relative | %
- minima, (b) relative maxima, and (c) inflection points. 1

13. 14.

\Y ha

1 1 y=1

N\
y=f / \
/ 0\
! | | o | uf/ L ».\ &

-1 \1/3 3 /*’—1*\ A 2 3 4 5

v In Exercises 15 and 16, use the given der1vat1ve to ﬁnd the x-
- coordinates of all critical points of f, and determine whethera
relatwe maximum, relative minimum, or neither occurs there. |

o ST i ity - - e

15. (a)f(x)—x(x —=5) (b)f(x)—xex
16. (a) f(x)—x2(2x+1)(x—1)

(b) f(x) = 9_ﬁ‘_
N «/x+1

- In Exercises 17-20, find the relative extrema using both the
 first and second derivative tests.

6/ fx)=1—dx —x* 18. f(x) =2x> — 9x*> + 12x
9./f(x) = sinfx, 0<x<2m

f(x) —x—s1nx O<x<2n

In Exercises 21-34, use any method to find the relatlve ex-
. trema of the function f.

f)=x>+5x—-2 22. f(x) =x* =247
(23) fx) =x(x—1)? 24. f(x) =x*42x°
25. f(x) = 2x2 x* 26. f(x)=@x =1
@f(x) = x* 28. f()c)——:2)c—|—)c2/3
) f0 =57 30. fx) = 2




32, flx) = x’e"

9 —x,

31, f(x) =In(1 +x%)

3
3. () = a2 — 4 M. fx) = T

x2=3 x>3

' In Exercises 35-38, find the relative extrema in the interval
| 0 < x < 27, and confirm that your results are consistent with
i the graph of f generated with a graphing utility. '

9 36. f(x) = v/3x + 2sinx
= 38, Fx) = . sinx

— COS X

35. f(x) = [sin2x]
37. f(x) = cos® x

=i

In Exercises 3942, use a graphing utility to make a conjec- |
ture about the relative exirema of f, and then check your |
conjecture using either the first or second derivative test. ’

1 39. f(x)=xnx i 40. f(x) = P

41. f(x) = x2e7¥ [ 42. f(x) =10Inx —x

In Exercises 43 and 44, use a graphing utility to generate the
graphs of f/ and f” over the stated interval, and then use |
those graphs to estimate the x-coordinates of the relative ex-

trema of f. Check that your estimates are consistent with the

graph of f.

4. fl) =x*—24x> +12x, —5<x<35

44. f(x) =sin %x CoS X,

45, For the function f in Exercise 43, use the method of Exam-
ple 6 in Section 2.4 to approximate the x-coordinates of the
relative maxima to two decimal places.

52.

—n/2 <x <u/2

_46. For the function f in Exercise 44, use the method of Exam-
ple 6 in Section 2.4 to approximate the x-coordinates of the
relative maxima to two decimal places.

In Exercises 47 and 48, use a CAS to graph f’ and f” over 53.

the stated interval. Use those graphs to make a conjecture
about the locations and nature of the relative extrema of f,
and check your conjecture by graphing f. "

-3 X} —8x +7 54.
e 48. =

3x2 —5x + 8 100 =""==

9. In each part, find & so that f has a relative extremum at the
point x = 3.

@ for) =2+ "
X

55.
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Functions of the form

(d) flx) =

fx)y=cx"e™, x>0

where n is a positive integer and ¢ 1/n!, arise in the

statistical study of traffic flow.

(a) Use a graphing utility to generate the graph of f for
n = 2, 3,4, and 5, and make a conjecture about the
number and locations of the relative extrema of f.

(b) Confirm your conjecture using the first derivative test.

Functions of the form

2
—x2/2
e x*/2

1
fx) =
27
arise in a wide variety of statistical problems.
(a) Use the first derivative test to show that f has a rela-
tive maximum at x = 0, and confirm this by using a
graphing utility to graph f.

(b) Sketch the graph of

1 2
fO) = =0T
21

where p is a constant, and label the coordinates of the
relative extrema.

(a) Use a CAS to graph the function
x4 1
f) = x2 41

and use the graph to estimate the x-coordinates of the
relative extrema.

Find the exact x-coordinates by using the CAS to solve
the equation f'(x) = 0.

(b)

Find values of a, b, ¢, and d so that the function

flx) = ax®> +bx* +cx+d
has a relative minimum at (0, 0) and a relative maximum at
(1, D.

Let & and g have relative maxima at xq. Prove or disprove:
(a) h + g has a relative maximum at xg
(b) h — g has a relative maximum at xg.

Sketch some curves that show that the three parts of the
first derivative test (Theorem 5.2.3) can be false without the
assumption that f is continuous at xp.




