LIMITS
AND
CONTINUITY

—~

he development of calculus was stimulated by two
geometric problems: finding areas of plane regions and
finding tangent lines to curves. As discussed in the Intro-
duction, both of these problems require a “limit process”
for their general solution. However, limit processes occur
in many other applications as well—so many, in fact that
the concept of a “limit” is the fundamental building block
on which all other calculus concepts are based.

In this chapter we will develop the concept of a limit
in stages: In Section 2.1 we will develop the basic ideas
informally, relying on our intuition; in Section 2.2 we will
discuss methods for calculating limits; and in Section 2.3
we will give the precise mathematical definition of a limit.
In Sections 2.4 and 2.5 we will apply limits to the study
“continuous” curves. Such curves are important because
they model the idea of a smooth flow without breaks or
interruptions—the flow of time, the motion of an object in
flight, or the gradual warming of a room on a sunny day,
for example.
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Il 2.1

As discussed in the introduction to this chapter, the concept of a limit is the funda-

i mental building block on which all other calculus concepts are based. In this section

' we will study limits informally, with the goal of developing an “intuitive feel” for the

‘ basic ideas. In the next two sections we will focus on the computational methods and

\ precise definitions.

sressessesressessssn s Many of the basic ideas in calculus can be motivated by the following three problems.
" | THE TANGENT LINE, AREA,
| AND VELOCITY PROBLEMS

| THE TANGENT LINE PROBLEM. Given a function / and a point P (xq, yo) on its graph,
find an equation of the line that is tangent to the graph at P (Figure 2.1.1).

| ” THE AREA PROBLEM.  Given a function f, find the area between the graph of f and an
i interval [a, b] on the x-axis (Figure 2.1.2).

| | THE INSTANTANEOUS VELOCITY PROBLEM.  Given the position versus time curve for
a particle moving along a coordinate line, find the velocity of the particle at a specified
l instant of time.

Tangent at P Ay
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Figure 2.1.1 Figure 2.1.2

Traditionally, that portion of calculus arising from the tangent line problem is called
differential calculus and that arising from the area problem is called integral calculus.
However, we will see later that the tangent line and area problems are so closely related that
the distinction between differential and integral calculus is often hard to discern.

In order to solve the three problems posed above, it is necessary to have a more precise
understanding of what the terms tangent line, area, and velocity at an instant actually mean.
Let us begin with the notion of a tangent line.

In plane geometry, a line is called tangent to a circle if it meets the circle at precisely one
point (Figure 2.1.3a). However, this definition is not appropriate for more general curves.
For example, in Figure 2.1.3b, the line meets the curve exactly once but is obviously not
what we would regard to be a tangent line; and in Figure 2.1.3c, the line appears to be
| it tangent to the curve, yet it intersects the curve more than once.
| lianthil To obtain a definition of a tangent line that applies to curves other than circles, we must
! view tangent lines another way. For this purpose, suppose that we are interested in the
tangent line at a point P on a curve in the xy-plane and that Q is any point that lies on the
ey curve and is different from P. The line through P and Q is called a secant line for the curve
‘ at P. Intuition suggests that if we move the point Q along the curve toward P, then the

TANGENT LINES AND LIMITS




2.1 Limits (An Intuitive Introduction) 113

Figure 2.1.3

secant line will rotate toward a limiting position. The line in this limiting position is what we
will consider to be the tangent line at P (Figure 2.1.4a). As suggested by Figure 2.1.4b, this
new concept of a tangent line coincides with the traditional concept when applied to circles.
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Just as the general notion of a tangent line leads to the concept of /imit, so does the gen-
eral notion of area. For many plane regions with straight-line boundaries, areas can be
calculated by subdividing the region into rectangles or triangles and adding the areas of
the constituent parts (Figure 2.1.5). However, for regions with curved boundaries, such as
that in Figure 2.1.6a, a more general approach is needed. One such approach is to begin by
approximating the area of the region by inscribing a number of rectangles of equal width
under the curve and adding the areas of these rectangles (Figure 2.1.6b). Intuition suggests
that if we repeat that approximation process using more and more rectangles, then the rect-
angles will tend to fill in the gaps under the curve, and the approximations will get closer
and closer to the exact area under the curve (Figure 2.1.6¢). This suggests that we can define
the area under the curve to be the limiting value of these approximations.

Figure 2.1.5
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INSTANTANEOUS VELOCITY
AND LIMITS

LIMITS

Recall from Formula (11) of Section 1.5 that if a particle moves along an s-axis, then its
average velocity v, over the time interval from £ to ¢; is defined as

Vave = ﬁ = b (D
At 1 —t
where sg and s are the coordinates of the particle at times fy and #,, respectively. Geometri-
cally, vy is the slope of the secant line joining the points (#y, so) and (¢, s;) on the position
versus time curve for the particle (Figure 2.1.7).

Suppose, however, that we are not interested in the average velocity over a time interval,
but rather the velocity vj,q at a specific instant of time. It is not a simple matter of applying
Formula (1), since the displacement and the elapsed time in an instant are both 0. However,
intuition suggests that over a sufficiently small time interval, the velocity of the particle
will not vary much; thus, there should not be much difference between the instantaneous
velocity at an instant of time, say ¢ = fy, and the average velocity over a time interval
from t = to to t = t,, provided that the time interval is small. This suggests that we can

approximate vjng as

St — 8o

Iy — 1o
Moreover, the closer #; is to 7y, the better the approximation. However, as #; gets closer and
closer to 7y, the slope of the secant line in Figure 2.1.8 will approach the slope of the tangent
line to the curve at time ¢ = fy; and this suggests that we can define the instantaneous
velocity of the particle at time ¢ = £, to be the slope of the tangent line to the position versus
time curve at that point. Thus, once we know how to calculate slopes of tangent lines, we
will have a method for calculating instantaneous velocities.

2)

Vinst ~ Vave =
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Figure 2.1.7

Figure 2.1.8

Now that we have seen how the concept of a limit enters into solving the tangent line, area,
and instantaneous velocity problems, let us focus on the limit concept itself.

The most basic use of limits is to describe how a function behaves as the independent
variable approaches a given value. For example, let us examine the behavior of the function

f)y=x*—x+1

as x gets closer and closer to 2. It is evident from the graph and table in Figure 2.1.9 that
the values of f(x) get closer and closer to 3 as x gets closer and closer to 2 from either the
left side or the right side. Moreover, the graph and table both suggest that we can make the
values of f(x) as close as we like to 3 by making x sufficiently close to 2. We describe this
by saying that the “limit of x> — x + 1 is 3 as x approaches 2 from either side,” and we write

lim (x> —x+1)=3 (3)
x—2

Observe that in this limit analysis we are only concerned with the values of f near the point
x = 2 and not the value of f at the point x = 2.
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This leads us to the following general idea.

© 2.1.1  LIMITS (AN INFORMAL VIEW). If the values of f(x) can be made as close as
we like to L by making x sufficiently close to a (but not equal to a), then we write
o lim f0) =L 4)

X—a

- which is read “the limit of f(x) as x approaches a is L.”

Expression (4) is also commonly written as
f(x)—L as x—a
With this notation we can express (3) as

X2 —x4+1->3 as x—2

Example 1
Make a conjecture about the value of the limit
X
lim — (5)
x=>0 /x +1-—-1

Solution. Observe that this function is undefined at x = 0. However, this has no bearing
on the limit, since the limit is concerned with the behavior of f for x near, but not equal to,
0. Table 2.1.1 shows successions of x-values approaching O from the left side and the right
side. In both cases the values of f(x), calculated to six decimal places, appear to get closer

Table 2.1.1
o -0.01 -0.001 —-0.0001 -0.00001 | 0O 0.00001 ‘ 0.0001 0.001 0.01
Lo 1.994987 1.999500 1.999950 1.999995 2.000005 | 2.000050 . 2.000500  2.004988
- leftsidee  Rightside
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| -
‘ & _sinx
(RADIANS) Y="x
|
? +1.0 0.84147
+0.9 0.87036
+0.8 0.89670
+0.7 0.92031
il +0.6 0.94107
Jitlrbg +0.5 0.95885
I +0.4 0.97355
£0.3 0.98507
+0.2 0.99335
+0.1 0.99833
X +0.01 0.99998
1 NUMERICAL PITFALLS

and closer to 2, and hence we conjecture that

X

L e S ©

However, it should be kept in mind that this conjecture is based on a limited amount of
numerical evidence; we are guessing that if we were to extend the table and continue to
let x get closer and closer to O from either side, then the values of f(x) would continue to
get closer and closer to 2. Fortunately, in this example we have other ways of confirming
our conjecture. One possibility is to simplify Formula (5) algebraically by rationalizing the
denominator. This yields

X _X(VX+1+1)_m+l
Vx+1-1 (x+1)—1
It is evident from this alternative formula for f that as x gets closer and closer to 0, the
values of f(x) = ~/x +1 + 1 get closer and closer to 2, confirming (6). Yet another
confirmation of (6) can be obtained from the graph of f. It follows from (7) that the graph
of f is identical to the graph of y = +/x + 1 + 1, except for a hole at x = 0, where f
is undefined (Figure 2.1.10). This figure suggests that as x moves along the x-axis toward

0 from either side, the values of y = f(x) get closer and closer to 2, which again agrees
with (6). <

Example 2

fx) =

(x #0) (7

Make a conjecture about the value of the limit
. sinx
lim —
xr—0 Xx
Solution. The function f(x) = (sinx)/x is undefined at x = 0, but, as discussed previ-
ously, this has no bearing on the limit. With the help of a calculating utility set to radian
measure, we obtain Table 2.1.2, which suggests that
. sinx
lim

x—=>0 Xx

=1 ®)

This result is consistent with the graph of f(x) = (sinx)/x shown in Figure 2.1.11; but
unlike the preceding example, where we were able to confirm the limit algebraically by
simplifying the formula for the function, that is not possible here. However, later in this

chapter we will give a geometric argument to prove that our conjecture is correct. <
¥
sin.x
ey = f) = 2
It M S
il l S &
— o — ‘ e ——
As x approaches 0 from the left
or right, f(x) approaches 1. {
Figure 2.1.11

FOR THE READER.  Use a calculating utility to confirm limit (8). Does the limit change if
x is in degrees?

Although numerical evidence is helpful for guessing at limits, it can lead to incorrect
conclusions. For example, Table 2.1.3 shows values of f(x) = sin(7/x) at selected values
of x on both sides of 0. The numerical data in that table suggest that

. T
lim sin (—) =0
x—=0 X
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However, this conclusion is incorrect, as evidenced by the graph of f shown in Figure 2.1.12.
This graph shows that as x — 0, the values of f oscillate between —1 and 1 with increasing
rapidity, and hence do not approach a limit. The numerical data in Table 2.1.3 deceived us
into believing the limit to be zero because we happened to choose values of x that were all
x-intercepts.

Table 2.1.3
X T . (T
(RADIANS) ¥ f(x) = sin (T)
gr=te] tar sin(xm) =0
x==0.1 +107 sin(£107) =0
x=%0.01 +1007 sin(£1007) = 0
x =20.001 +10007 sin(£100077) = 0
x=20.0001 £10,0007r sin(+10,0007r) = 0
y =sin (?)
¥ I, ;
/-1 /1
Figure 2.1.12

Numerical evidence can also lead to incorrect conclusions about limits because of round-
off error or because the table of values used to find the limit is not extensive enough to reveal
the behavior of the function completely. Thus, when a limit is conjectured from numerical
data it is important to look for corroborating graphical or algebraic evidence to support the
conjecture.

The limit in (4) is commonly called a two-sided limit because it requires the values of f(x)
to get closer and closer to L as x approaches a from either side. However, some functions
exhibit different behaviors on the two sides of a point @, in which case it is necessary to
distinguish whether x is near a on the left side or the right side for purposes of investigating
the limiting behavior. For example, consider the function

o) |x| 1, x>0
X ) = — =

X -1, x<0
(Figure 2.1.13). As x approaches O from the right side, the values of f(x) approach 1
(in fact, they are exactly 1 for all such x), and as x approaches O from the left side, the
values of f(x) approach —1. We describe these two statements by saying that “the limit of
f(x) = |x|/x is 1 as x approaches 0 from the right” and that “the limit of f(x) = |x|/x is
—1 as x approaches O from the left”; we denote these limits by writing
|x|

lim 2 =1 and lim ' =1 (9-10)
x—=0t Xx x—=>0" X

With this notation, the superscript “+” indicates a limit from the right and the superscript
“—” indicates a limit from the left.
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THE RELATIONSHIP BETWEEN

ONE-SIDED AND TWO-SIDED
LIMITS

This leads us to the following general idea:

2.1.2  ONE-SIDED LIMITS (AN INFORMAL VIEW). If the values of f(x) can be made
as close as we like to L by making x sufficiently close to a (but greater than a), then we
write

lim f(x)=1L (11)

which is read “the limit of f(x) as x approaches a from the right is L.” Similarly, if the
'~ values of f(x) can be made as close as we like to L by making x sufficiently close to a
(but less than a) then we write

lim f(x) (12)

X—zid

Expressions (11) and (12), which are called one-sided limits, are also commonly written a
f(x)—>Lasx—a" and f(x)—>Lasx—>a"
respectively. With this notation (9) and (10) can be expressed as

|_x_|_> lasx—0" and M%—l as x — 0"

% X
In general, there is no guarantee that a function will have a limit at a specified point, and theq
is some terminology to describe such situations. If the values of f(x) do not get closer an
closer to some single number L as x — a, then we say that the limit of f(x) as x approach
a does not exist (and similarly for one-sided limits). For example, the two- sided limit o
f(x) = |x|/x does not exist as x — 0 because the values of f(x) do not approach a singl
number—the values approach —1 from the left and 1 from the right.

In general, the following condition must be satisfied for the two- sided limit of a functio

to exist.

2.1.3 THE RELATIONSHIP BETWEEN ONE-SIDED AND TWO-SIDED LIMITS. The two-
" sided limit of a function f exists at a point a if and only if the one-sided limits exist at
~ that point and have the same value; that is,

lim f(x) =L ifandonlyif lim f(x)=L= hm f(x)

X—>d X—=a—

REMARK.  Sometimes, one or both of the one-sided limits may fail to exist (which, i
turn, implies that the two-sided limit does not exist). For example, we saw earlier that t
one-sided limits of f(x) = sin(sr/x) do not exist as x approaches 0 because the functio
keeps oscillating between —1 and 1, failing to settle in on a single value; and this impli

that the two-sided limit does not exist as x approaches 0. ‘

nle

- \
For the functions in Figure 2.1.14, find the one-sided and two-sided limits at x = a if the
exist.

3 y=f0) 3= = e S L

B
L

Figure 2.1.14
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Solution. The functions in all three figures have the same one-sided limits as x — a, since
the functions are identical, except at x = a. These limits are

lim f(x) =1

X—>a~

rlim+ f(x) =3 and

In all three cases the two-sided limit does not exist as x — a because the one-sided limits
are not equal. <

Example 4

For the functions in Figure 2.1.15, find the one-sided and two-sided limits at x = ¢ if they
exist.

Ay Ay Ay
3 B o 3
2+ ) 2+ ‘ ) 2
N =W // N Y= N YEfw
1 / \ E ol S N it _/‘/ N\
\ / | N S N\
\ ; / | . : # N X
a \. a \ a %

Figure 2.1.15

Solution. As in the preceding example, the value of f at x = a has no bearing on the
limits as x — a, so that in all three cases we have

lim+ f(x)=2 and lim f(x)=2

X—a X—=>da~

Since the one-sided limits are equal, the two-sided limit exists and

lim f(x) =2 <

X—>a

Plane curves can be divided into two categories—those that have breaks or holes and
those that do not. Breaks or holes in a curve are called discontinuities; a curve with no
discontinuities is called continuous (Figure 2.1.16).

N > ‘ ' Hole /
L . T \ /
Ve 1\ /
¢ |

| A continuous curve |

. A discontinuous curve ;

Figure 2.1.16

Examples 3 and 4 provide some useful insight into what it means for the graph of a
function to be continuous. Of the six functions in those examples, only the last one does
not have a break or hole in its graph at x = a. For the functions in Example 3, the break in
the graph at x = a results from the fact that the one-sided limits at that point have different
values. A break of this type is called a jump discontinuity in the graph. For the first
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two functions in Example 4, the hole in the graph is caused by a mismatch between the
value of the function at x = a and the two-sided limit as x approaches a. In the first graph,
the function is simply undefined at x = a, leaving a hole; and in the second graph, f(a) is
defined, but its value is different from the limit, resulting in a point that is displaced from
the main part of the graph. A break due to a hole or a displaced point is called a removable
discontinuity in the graph. The third graph is continuous at x = a, since the value of f at
¥ = a is the same as the two-sided limit of f as x approaches a, thereby ensuring that there
is no jump or hole.

All of this suggests that three conditions must be satisfied to ensure that the graph of a
| function does not have a discontinuity at a given point:

o The function must be defined at the point.

bl o The two-sided limit must exist at the point.

o The value of the function and the value of the two-sided limit must be the same.

There will be more on this later.

| Sometimes one-sided or two-sided limits will fail to exist because the values of the func-J
il INFINITE LIMITS AND VERTICAL tion increase or decrease indefinitely. For example, consider the behavior of the function|
it 111 ASYMPTOTES : ; :
it f(x) = 1/x as x gets closer and closer to 0. It is evident from the table and graph in
‘ | Figure 2.1.17 that as x gets closer and closer to 0 from the right, the values of f(x) = 1/x
‘ are positive and increase indefinitely; and as x gets closer and closer to O from the left, the
“ ‘ values of f(x) are negative and decrease indefinitely. We denote these limiting behaviors by,

writing
i 1
{1 lim — =4 and lim — = —o
i x—=0t Xx x—0 X
More generally:

| 2.1.4 INFINITE LIMITS (AN INFORMAL VIEW). If the values of f(x) increase indefi-
' nitely as x approaches a from the right or left, then we write

1im+ f(x) =+ or lim f(x)=+w

X—d X—>dad-

as appropriate, and we say that f(x) increases without bound as x — at or x —a”.

Similarly, if the values of f(x) decrease indefinitely as x approaches a from the right or
{it | left, then we write

il lim+ f(x)=—o or lim f(x) = —o0

[ X—da X=>iq

e as appropriate, and say that f(x) decreases without bound as x — a™ or x — @ -
|t Moreover, if both one-sided limits are +co, then we write

lim f(x) = +oo

Xx->4a
and if both one-sided limits are —oo, then we write
lim f(x) = —0

X—=>da

REMARK. It should be emphasized that the symbols +oo and —oo, as used here, descriy
the particular way in which the limits fail to exist; they are not numerical limits and cons
quently cannot be manipulated using rules of algebra. For example, it is not correct {0 b/
(400) — (+00) = 0.
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Figure 2.1.17

Example 5

For the functions in Figure 2.1.18, describe the limits at x = a in appropriate limit notation.

Solution (a). InFigure 2.1.184, the function increases indefinitely as x approaches a from
the right and decreases indefinitely as x approaches a from the left. Thus,

. . 1
lim =+4w and lim
x—=at X —a x—=a" X —da

= —CO

Solution (b). InFigure 2.1.18b, the function increases indefinitely as x approaches a from
both the left and right. Thus,

1
lim —— = lim — = lim — =
.\‘I—IEI ()C — LI)2 _x—>n3+ (x — a)Z .\‘—1>a’ (_X — (l)2 +m

Solution (¢). InFigure 2.1.18c, the function decreases indefinitely as x approaches a from
the right and increases indefinitely as x approaches a from the left. Thus,
-1 =]

lim =—w and lim
x—at X —d x—=a- X —a

Solution (d). In Figure 2.1.18d, the function decreases indefinitely as x approaches a
from both the left and right. Thus,
-1 -1 -1

Iim —— = lim —— = |lim — = — <
x=a (x —a)?  xoat (x —a)?  x—a- (x —a)?

¥ y A )’y AY
[ o 1 _1
/ /I == f(\):(\~a)2
— X I l X
a - a ” a _— S a =
Y / 1&» //‘
1 I ; 1 /
\ =51 w=—1_ | \ |/
X—a S —a i X‘ {
‘ | b
(@) (b) () (d)

Figure 2.1.18
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LIMITS AT INFINITY AND

HORIZONTAL ASYMPTOTES

Geometrically, if f(x)— 400 as x approaches a from the left or right, then the graph.
of y = f(x) eventually gets closer and closer to the line x = a as the graph is traversed in
the positive y-direction; and if f(x)—> —oo as x approaches a from the left or right, then
the graph of y = f(x) eventually gets closer and closer to the line x = a as the graph is
traversed in the negative y-direction. We call this line a vertical asymptote (from the Greek
asymptotos, meaning “nonintersecting”).

2.1.5 DEFINITION. A line x = a is called a vertical asymptote of the graph of a
| function f if f(x) approaches +oe Or —co as X approaches a from the left or right.

Example 6
The four functions graphed in Figure 2.1.18 all have a vertical asymptote at x = a, which
is indicated by the dashed vertical lines in the figure. <

Thus far, we have used limits to describe the behavior of f(x) as x approaches a point
v = a. However, sometimes we will not be concerned with the behavior of f(x) near a
specific point, but rather with how the values of f(x) behave as x increases without bound
or decreases without bound. This is sometimes called the end behavior of the functio
because it describes how the function behaves for values of x that are far from the origin
For example, it is evident from the table and graph in Figure 2.1.19 that as x increases
without bound, the values of f(x) = 1/x are positive, but get closer and closer to 0; and
similarly, as x decreases without bound, the values of f(x) = 1/x are negative, but also gef
closer and closer to 0. We denote these limiting behaviors by writing “

1 1
lim —=0 and lim —=0
x—>+®% X x—>—% X
More generally:

2.1.6 LIMITS AT INFINITY (AN INFORMAL VIEW). If the values of f(x) eventually get
. closer and closer to a number L as x increases without bound, then we write

lim f(x)=1L (13)

x— 4w

Similarly, if the values of f(x) eventually get closer and closer to a number L as X
5 decreases without bound, then we write
| lim fx) =L (14

i xX—> —%

H
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Geometrically, if f(x)— L asx — 4o, then the graph of y = f(x) eventually gets
closer and closer to the line y = L as the graph is traversed in the positive direction (Fig-
ure 2.1.20a); and if f(x)— L as x — —o, then the graph of y = f(x) eventually gets
closer and closer to the line y = L as the graph is traversed in the negative x-direction (Fig-
ure 2.1.20b). In either case we call the line y = L a horizontal asymptote of the graph of f.
For example, the four functions in Figure 2.1.18 all have y = 0 as a horizontal asymptote.

Horizontal asymptote y =1L Horizontal asymptote  y =L

(@) ()
Figure 2.1.20

© 2.1.7 DEFINITION. A line y = L is called a horizontal asymptote of the graph of a
- function fif f(x)— L as x — 4o or as x — —o. '

Sometimes the existence of a horizontal asymptote of a function f will be readily apparent
from the formula for f. For example, it is evident that the function
3x +1 1
=34 —

X X

fG) =

has a horizontal asymptote at y = 3 (Figure 2.1.21), since the value of 1/x approaches 0 as
X — 40 or x — —oc. For more complicated functions, algebraic manipulations or special
techniques that we will study in the next section may have to be applied to confirm the
existence of horizontal asymptotes.

Limits at infinity can fail to exist for various reasons. One possibility is that the values of
Jf(x) may increase or decrease without bound as x — 4-o0 or as x — —oo. For example, the
values of f(x) = x* increase without bound as x — o and decrease without bound as
x — —oo; and for f(x) = —x? the values decrease without bound as x — +oo and increase
without bound as x — —oo (Figure 2.1.22). We denote this by writing

lim x* = +4ew, lim x’=-w, lim (—x°)=—w, lim (—x%) =4
X — 4> X—> — X —> 4o X— —=
More generally:
| 2.1.8 INFINITE LIMITS AT INFINITY (AN INFORMAL VIEW). If the values of f(x) in-

- crease without bound as x — 4o or as x — —oo, then we write
lim f(x) =4 or lim f(x)= 4o
X — o X—> —w
- as appropriate; and if the values of f(x) decrease without bound as x — +oo or as |
| x — —oo, then we write |

lim f(x)=—w or

X — 4w

lim f(x) = —o

- as appropriate.
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| There is no limit as

| x — +oo Or X —> =00, |

Figure 2.1.23

oooooooooooooooooooooooooooo

@ lim f()
@ fG3

oooooooooooooooooooo

(& tim_f(x)

X

Limits at infinity can also fail to exist because the graph of the function oscillates indef-

initely in such a way that the valu
not increase or decrease without

es of the function do not approach a fixed number and do
bound; the trigonometric functions sin x and cos x have

this property, for example (Figure 2.1.23). In such cases we say that the limit fails to exist

because of oscillation.

1\.‘ For the function f graphed in the accompanying figure, find 4.
(b) lim f(x)
K30

© hggf (x)
(€ lim fx).

Figure Ex-1

2. For the function f graphed in the accompanying figure, find
(b) lim fx)

(e lim f(x)

@ lim fx)
@ f

(© lim f(x)
(f) lim f(0).

\
\

Figure Ex-2

3. For the function g graphed in the accompanying figure, find

@ lim g(x)
(d) g

X

Figure Ex-3

(b) lim g(x)

(e) lim g(x)

(©) lim g(x) 6.

(f) lim g(x).

For the function g graphed in the accompanying figure, find
(a) Aliérr(}f g(x) (b) Vlirr(; g(x) (©) hglo g(x)

(@ g(0) (&) lim g(x)

X

(f) lim g(x).
x>t

Figure Ex-4

5. For the function F graphed in the accompanying figure, find

(a> 1'1m2 F(x) (b) 1im2 F(x) () 1im2F (x)
\_J x—=>—-27 x— =27 X—%=
(d) F(-2) © lim-F@x) () lim F().

Yy

F(x)

Figure Ex-5

For the function F graphed in the accompanying figure, find
(2) ling F(x) (b) 1inr}1+ F(x) @) 1im1 F(x)
X=3" P o g X—=>

) F@3) (f) lim FO0:

(e lim F(x)

X

Figure Ex-6
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// 77 For the function ¢ graphed in the accompanying figure, find B y y=f()
L@ lim ¢t ©) lim ¢() (@ lim ¢(x) [T pan
(d) ¢(~2) © lim ) () lim ¢, T
i} ar. .
AY y=0¢ 11 5 i ‘
. e _ , |
| \ |
\ | ~ |
e S T r——— ) Figure Bx-10 ‘
[EE A : \
....... LN
| ‘ x
\ | || C] , For the function G graphed in the accompanying figure, find
| 7@ lim G(x) (b lim G(x) () lim G(x)
‘ Figure Ex-7 x—=>0- x—0t x—0
‘ (d) G(0) (e) lim G(x) (f) _1im+ G(x).
. . : \
8. For the function ¢ graphed in the accompanying figure, find AY y= GG ;
(a) lim ¢(x) (b) lim ¢(x) (c) lim ¢(x) ) I HE g ER
x—4- x—4+ x—4 I . ‘
@ o) @ lim g(x) () lim ¢, ;
C ’ |
Y Y=ok Figure Ex-11
| J1L] MENE ‘
0 / |
{ |
L \ L. 12. For the function G graphed in the accompanying figure, find ‘
> () lim G(x) (b) lim G(x) (¢) lim G(x)
\ - x—>0- x—>0t x—0
By (d) G(0) () lim G(x) (f) ]irE G(x). \
F—¥ =g X o= o
Figure Ex-8 |
v AY y=G)
. For the function f graphed in the accompanying figure, find /N\ \ i
| @ lm fe)  b) lim fe) (@ lim f00) >
x—3- x—3* X —
‘ @ f03) © lim fr) () lim f0).

3 L I | | ‘
] Figure Ex-12
‘ g Ay y=f(x) !

1, 13. Consider the function g graphed in the accompanying fig-
ure. For what values of x does lim g(x) exist?
X = X0

AY y= g({)
&
10, E . /| ) .
i Orth? function f graphed in the accompanying figure, find | %
(a) 4\_1_1>rr01* f(x) (b) _“”(}A F(x) ©) Hmo F(x) | if ] |
() £(0 e B Ll i
) & "'l‘l’rg'ﬁ @), © .\'l—llpkx Fo. Figure Ex-13
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14. Consider the function f graphed in the accompanying fig-
ure. For what values of xq does lim f(x) exist?
X —Xo

Figure Ex-14

condition(s) for continuity fail to hold.

15. (a) The function f in Exercise 1
(b) The function F in Exercise 5
(c) The function f in Exercise 9

16. (2) The function f in Exercise 2
(b) The function F in Exercise 6
(c) The function f in Exercise 10

In Exercises. 17-20: (i) Make a guess at the limit Gf it |
| exists) by evaluating the function at the specified points.
| (i) Confirm your conclusions about the limit by graphing
- the function over an appropriate interval. (iii) If you have a
CAS, then use it to find the limit. [Note: For the trigonomet-
" ric functions, be sure to set your calculating and graphing

utilities to the radian mode.]

x—1
i : . x=2,15,1.1,101,1.001,0,0.5, 09,
@ 17 @ lim 5 5 01.1.001,0,0.5, 0.9
1 0.99. 0.999
() lim x3+ . x =215, 1.1,1.01,1.001,1.0001
x=1T X —1
!
© lim x3+ 1-, X =0.0.5,0.9,0.99,0.999, 0.9999
=y X =
oAx+1-1
18. () lim ¥ = 40.25, £0.1, £0.001,
40.0001
JiFi+1
®) tim T2 ¥ =025,0.1,0.001,0.0001
x—0t X
W N
© }ina_——xjx—i; x = —025,—0.1, —0.001,

—0.0001

19. (a) lim

(b) lim 1; x =0,-0.5,-0.9,—0.99, —0.999,

~1.5,—-1.1,—1.01, —1.001

t 1

20. (a) 1im13(x{—1—); £ =0,-05, 0.9, —0.99, —0.999,
X—— X

15, —1.1,—1.01,—1.001

| InExercises 21 and 22: (i) Approximate the y-coordinates o
i all horizontal asymptotes of y = f (x) by evaluating f atthe
. points £10, £100, 141000, 100,000, and +100,000,000.
sions by graphing y = f(x) over an

‘ (ii) Confirm your conclu
) If you have a CAS, then use it to |

| appropriate interval. (iii

in(3
sin( x); ¥ = +0.25, £0.1, £0.001,

(b) lim

<20 sin(2x)

z find the horizontal asymptotes.

e 2L (@) f(x) =

' In Exercises 15 and 16, find all points of discontinuity for |
. the function, and for each such point state which of the three

22. (a) f(x) =

f

2x +3
x+4
x2+1
x+ 1

© fx) =

xz—1

5x2+1
sin x
) fx)=—
X

‘ limit in which x — 0t or x — 0™, as appropriate
| not evaluate the limit.]

+0.0001

3 X
b fx)= (1 + —>
X
l X
(b) fx) = (2+ —)
X

' In Exercises 23 and 24, express the limit as an equivalent I
. [You need 1

|
i

|

1 1—
23. (2) lim xsin (—) ®) Bm —
x— o % x—o>+4=1+x
. 23\"
(¢) lim (1 + —>
X ——% X
~ cos(m/x) ) X
24. lim ——— b) lim ——
(a) L Mern (b) L e

25

26

[ 27

(© lim (14207
X—>—x

. (a) Sketch the graph of a function that has two horizontal

asymptotes.

(b) Can the graph of a function intersect its horizontal

asymptotes? If not, explain why. If so, s
graph.

. (a) Do any of the trigonometric functions,

ketch such a

sin x, COSXs

tan x, cot x, sec x, csc x, have horizontal asymptotes7

(b) Do any of them have vertical asymptotes? Where?

. (a) Let
3«\’

_ 3
FO = X"~ 3500

Make a conjecture about the limit of f
by evaluating f at the points x = 1,0.7
0.1,0.05.

as X 0°
5.0.5, 0.25:




(b) Evaluate f at the points x = 0.01,0.001, 0.0001,
0.00001, 0.000001, and make another conjecture.

(c) What flaw does this reveal about using numerical evi-
dence to make conjectures about limits?

(d) If you have a CAS, use it to show that the exact value
of the limit is —1/2000.

Roundoff error is one source of inaccuracy in calculator
and computer computations. Another source of error, called
catastrophic subtraction, occurs when two nearly equal num-
bers are subtracted, and the result is used as part of another
calculation. For example, by hand calculation we have

(0.123456789012345 — 0.123456789012344) x 10"° = 1

However, the author’s calculator produces a value of 0 for
this computation because it can only store 14 decimal digits,
and the numbers being subtracted are identical in the first 14
decimal digits. Catastrophic subtraction can sometimes be
avoided by rearranging formulas algebraically, but your best
defense is to be aware that it can occur. Watch out for it in

the next exercise.

€l 28. (a) Let
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(d) If you have a CAS, use it to show that the exact value
of the limit is .

[ 29. (a) The accompanying figure shows graphs of the function
from Exercise 28 over two different intervals. What is
happening?

(b) Use your graphing utility to generate the graphs, and
see whether the same problem occurs.
(¢) Would you expect a similar problem to occur in the
vicinity of x = O for the function
—cosx

1
fory=—""29
X

See if it does.

. 166666
0.166666

0.166666F

0.005 0.01

\ F) = X —sinx
il ‘ X =723
|
n Make a conjecture about the limit of f as x — 0T by
evaluating f atthe points x = 0.1, 0.01, 0.001, 0.0001.
(b) Evaluate f at the points x = 0.00001, 0.0000001,
0.00000001, 0.000000001, 0.0000000001, and make
another conjecture. —0.0b1 0. 0005 THI 0.0005 05001
(C) What flaw does this reveal about using numerical evi- Erratic graph generated by Mathematica
dence to make conjectures about limits? Fioure Ex-29
ntal
ntal
h a 2.2 LIMI COMPUT
)2: In the last section we discussed limits informally, focusing on the basic ideas. In this
P section, we will discuss algebraic methods for finding limits, reserving the discussion
of the underlying theory behind these methods for the next section.
e et Qur strategy for finding limits algebraically has two parts:
SOME BASIC LiMiTs = neme £ Y wop
o First we will establish the limits of some simple functions.
| o Then we will develop a repertoire of theorems that will enable us to use the limits
.25, of those simple functions as building blocks for finding limits of more complicated

functions.
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The ten limits in the following theorem, all of which should be evident from Figure 2.2.1,
will form our building blocks—three involve the constant function f(x) = k, three involve
the linear function f(x) = x, and four involve the rational function f(x) = 1/x.

IHEOREM
k=k lim k=
X —> o
x=a lim x = 4o

lim k=k

X —> —x

lim x = —»

X —>—C

. 1
lim — =0

lim — =0

x—0+t X x—0" X x =>4 X x— =0 X
T ¥ y
r y=f)=k /,W y=f)=k
K
@ ® -
[ |
1 1
| X N : N
,{ a X —o0 X :\ +o0
U lim k=k lim k=k|
£ N X — —oo |
AY y=ux TY y=x H y=x
+oo
f)=xe s
S fo9=xg-——=== 709 =x§-——=-
F) =xe—- —oo
| X X %
X a x X +o0 —co v
| limx=a | lim x=+eo | lim x=—co |
e K - N )
AY 3y w y AY
1 1 1
“+oco ‘y=(‘—_ y:T y_j\: y::\;
1 L
L X¢ ;
' : L & X X —o0 X 4
X X ey
- = l
X
S SO oo e
fim L = +oo | e | dim L0 | tim ~=0
| =0t | | N—>+oo " H \—e—mu;m

Figure 2.2.1

In the case of the constant function f(x) = k, the values of f(x) do not change as 5 varl
which explains why the limit of f(x) is k, regardless of whether the limit is Comp‘lted .
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point a or as x approaches 4 or —oe. For example,

Im3=3, Ilim 3=3, lim 3=3, Im 0=0, lim 3=3, 1lim 0=0

x—2 x— =2 X —> -+ X —> +w X —> —® X —>—oo

The limits of the function f(x) = 1/x should make sense to you intuitively, based on your
experience with fractions: making the denominator closer to zero increases the numerical
size of the fraction (i.e., increases its absolute value), and increasing the numerical size of
the denominator makes the numerical size of the fraction closer to zero. This is illustrated
in Table 2.2.1.

Table 2.2.1

VALUES CONCLUSION 7
x | 1 1 .01 .001 0001 -+ | As x — 0" the value of 1/x
1/x ! 1 10 100 1000 10,000  --- | increases without bound.
X = — = = —3 s x — 0" the value of 1/x

-1 -1 -0l —001 -.0001 A 0™ the value of 1
1/x ‘ -1 —-10 -100 —-1000 —10,000 --- | decreases without bound.
x| ) § X — oo the value of 1/x

| 1 10 100 1000 10,000 A he value of 1
Ijx 1 1 .01 .001 .0001 -+ | decreases toward zero.
v -1 -10 -100 —1000 —10,000 --- | As x — —oothe value of 1/x

I/x -1 -1 -.01 -.001 -.0001 *++ | increases toward zero.

The following theorem, parts of which are proved in Appendix G, will be our basic tool
for finding limits algebraically.

2.2.2 THEOREM. Let lim stand for one of the limits lim, lim , lim , lim , or
X—>a x—a- x—at x—>+4ow

i )linﬁlp Af Ly = lim f(x) and L, = lim g(x) both exist, then
(@) lim[f(x)+g(x)] =1lim f(x) + limg(x) = Ly + L
(b) lim[f(x) —g(x)] =lim f(x) —limg(x) = Ly — Lo

(O lm[f()g(n)] = lim f(x) limg(x) = L, Ly

o f@) limf()  Li

DI T g~ 1, 127

L) 1im Y f(x) = Ylim f(x) = /L, provided L > 0 if n is even.

In words, this theorem states:

(a) The limit of a sum is the sum of the limits.
(b) The limit of a difference is the difference of the limits.
(¢) The limit of a product is the product of the limits.

(d) The limit of a quotient is the quotient of the limits provided the limit of the denom-
inator is not zero.

(e) The limit of an nth root is the nth root of the limits.

REMARIK.  Although results (a) and (c) are stated for two functions f and g, these re-
sults hold as well for any finite number of functions; that is, if the limits lim f;(x),
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LIMITS OF POLYNOMIALS
AS x — a

lim f>(x), ..., lim f,(x) all exist, then

lim [ fi(x) + fo(x) 4+ -+ fu(0)] = lim fi(x) +1lim fo(x) + - +lim f,(x) (1)

lim [f1(x) fa(x) - -+ fu(x)] = lim fi(x) lim f3(x) - - - lim £, (x) (2)
In particular, if fi, f2, ..., fu are all the same function f, then (2) reduces to
lim [ f(x)]" = [lim f(x)]" (3)
It follows from this result that
lim x" = [lim x]" = a" 4)
and
. 1 ) n ) 1 ) n
hm—:<hm —) =0 11m—=<l1m —):0 ®)
X — 4w x x—> 4% X x— —w XN x—>—% X
For example,
. 4 4 . 1 .
lim x* = 3" = 81, lim — =0, Iim — =0
x—3 x— +oo x4 x— —o x4

Another useful result follows from part (¢) of Theorem 2.2.2 in the special case where
one of the factors is a constant k:

limkf(x) = limklim f(x) = klim f(x) (6)
In words, the first and last expressions in (6) state:
A constant factor can be moved through a limit sign.

E
Find hm5 (x> — 4x + 3) and justify each step.

Solution.
lim ()c2 —4x 4+ 3) = lim x%2 — lim 4x + lim 3 Theorem 2.2.2(a), (b)
x—5 x—5 x—35 x—5
= lim x> — 4 lim x + lim 3 Equation (6)
x—5 x—>5 x—5
=52 4(5)+3 Equation (4)
=8 L |

Our next result will show that the limit of a polynomial p(x) ata point x = a is the same
as the value of the polynomial at that point. This greatly simplifies the computation of limitS
of polynomials by allowing us to evaluate the polynomial instead. Moreover, as discussed in
the last section, this result also establishes that graphs of polynomials are continuous curves
(see the discussion in the subsection of Section 2.1 entitled A First Look at Continuity)-

—

‘ 2.2.3 THEOREM. For any polynomial
P(x) =co+cix + - +Cnx”

| and any real number a,

11_r>n px)=co+cra+ oot cat = pla)
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lim p(x) = lim (co ‘ox 4+ c,,x”)

X—a XxX—a

= lim ¢o + lim ¢jx + - -+ + lim ¢,x"
X—=>a

X—>a X=rd

= lim ¢y +¢; lim x +--- + ¢, lim x"

X—da X—da X—>a

=co+ca+---+ca" =pla)

Example 2

If we apply Theorem 2.2.3 to the problem in Example 1, we can bypass the intermediate
steps and write immediately

1ims(x2~4x+3)=52—4(5)+3=8 < |
""""" . In Figure 2.2.2 we have graphed the polynomials of the form x" for n = 1,2, 3, and 4; and
LIMITS OF x" AS X — + 00 below each figure we have indicated the limits as x — +o0 and x — —oo. The results in the

g~ figure are special cases of the following general results:

lim x" =40, n=1,23,... 7

X — +oo

+o, n=2,4,6,... 3

lim %" = ®)
X — —o0 —oo, w=1;3,5; .«
I
AY A y AY AY |
_ 4
8 8 8+ y —.X3 = y=X
L L ) L L
y=x y=x°
X X X X
! | | | > | | | — > I | — | | | | s
-4 4 -4 4 —4 4 -4 4
' -8 -8t -8 -8
o e e e T
lim x* =+4oco - lim x7 = +oo | I lim X7 = 4oo
ne X—>+oo E X —+oo : X—>+oo
43 . lim x? = +oc0 lim xY = —eo | lim x* = +oco
[ A Y ——oc0 ; X—>—o0 ! R
in ! e . A | A "
(] Figure 2.2.2

Multiplying x" by a positive real number does not affect limits (7) and (8), but multiplying
by a negative real number reverses the signs.

Example 3
lim 2x° = 4o, lim 2x° = —oo
X —> 4w X—> —ow
) lim —7x% = —0, lim —7x% = —oo <

X — o X —> —
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GéEpaSRIUB TSRt R There is a useful principle about polynomials which, expressed informally, states that:
LIMITS OF POLYNOMIALS AS
x — +00 OR X — —o0

A polynomial behaves like its term of highest degree as x — 00 Or X — —®.

Stated more precisely, if ¢, = 0, then

,lirﬂ, (co+cix+-+ Caxl )= Alirﬂ. cpx" 9)
!
N lim (cotcix+---+ c,x") = lim cpx” (10)

| We can motivate these results by factoring out the highest power of x from the polynomial
and examining the limit of the factored expression. Thus,
xn xiz~1

C &
coFerx + ot ex =x" (i+—‘+---+cﬂ>

As x —> o0 o X — —oo, it follows from (5) that all of the terms with positive powers of x
in the denominator approach 0, so (9) and (10) are certainly plausible.

|| Example 4

|

lim (7x° —4x° +2x —9) = lim 7% = —oo
i lim (—4x® 4 176° = Sx + 1) = lim —4x® = —o0 <
i X—>—% X— —%

ssccsssscsconas essesconcsacsacecsoses

; e Recall that a rational function is the ratio of two polynomials. Theorem 2.2.3 and Theorem
LIMITS OF RATIONAL FUNCTIONS

2.2.2(d) can often be used in combination to compute limits of rational functions.

AS x — a
Example 5
5x3 4+ 4
Find lim 2~
r=2 x—3
1 Solution.
\ . 3
54 MO 59344
11111———:—.—’:———:_44 |
=2 x—3 l1rr12(x-3) 2-73

The method of the preceding example will not work if the limit of the denominator is
zero, since Theorem 2.2.2(d ) is not applicable in this situation. However, if the numerator
and denominator both approach zero as x approaches a, then the numerator and denominator
will have a common factor of x — a and the limit can often be obtained by first canceling
the common factors. The following example illustrates this technique.

B@mMe6
‘ . xt—4
| Find lim ;
=2 x —2

Solution. The numerator and denominator both have a limit of zero as x approaches 2
so they share a common factor of x — 2. The limit can be obtained as follows:

xP—4 x—2(x+2)

R lim = lim = lim7 (x+2)=4 4

L =2 x—2 x—=2 x—2 x—2
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REMARK.  Although correct, the second equality in the preceding computation needs some
justification, since canceling the factor x — 2 alters the function. However, as discussed in
Example 5 of Section 1.2, the two functions are identical, except at x = 2 (Figure 1.2.9);
and we know from our discussions in the last section that this difference has no effect on
the limit as x approaches 2.

Example 7 |
Find ‘
;2 6 9 2 8
@ tim =22y g 28
' x—=3 x—3 ,\‘—>74x2+)(—12

Solution (a). The numerator and denominator both have a limit of zero as x approaches
l 3, so there is a common factor of x — 3. We proceed as follows:

o x2—6x+9 o (x=3)?
lim = lim
x—3 x—3 r—=3 x —

= 11m3(x—3):0

Solution (b). The numerator and denominator both have a limit of zero as x approaches
c —4, so there is a common factor of x — (—4) = x + 4. We proceed as follows:

2x + 8 . 2(x +4) . 2 2

Im — = m —— — — |im —_ 4
x4 x2 4+ x —12 154 x+4(x—13) r—>—4x —73 7

If the limit of the denominator is zero, but the limit of the numerator is not, then there
are three possibilities for the limit of the rational function as x — a:

' o The limit may be .
e The limit may be —oo.
n e The limit may be +oo from one side and —cc from the other.
Figure 2.2.3 illustrates this graphically for functions of the form 1/(x —a), 1/(x — a)?, and
—1/(x — a)?.
| ]
N 1 /AE y = 1 “; ‘, y=- I
YT x—a \ T w—a)? KL (x—a)?
\ / \
\ /
< N, . L \ _— .
T a ~ ) a ) = a =
\ xy f"
\ \ !
: \
s ? |1
DI | b
o1 : {
g v -
M g T Fee . | 1
: X=a | l lim =400 | lim — 5=
‘ ‘ '\,irpf .\‘la e i yoa(x—a)” vsa (Y—a)”
‘ Figure 2.2.3
2 Example 8
Find
2— 2 - 2 —
4 B Bmo——= . 5 T e A Bme e E
. vodt (x —4)(x +2) r>d- (x — 4)(x + 2) v—4 (x — B (x +2)
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0 .
I | I >
-2 2 4
| Sign of —=—%—
RN G T
Figure 2.2.4

LIMITS OF RATIONAL FUNCTIONS
AS X — +00 OR X — =00

S In all three parts the limit of the numerator is —2, and the limit of the denominator
is 0, so the limit of the ratio does not exist. To be more specific than this, we need to analyze
the sign of the ratio. The sign of the ratio, which is given in Figure 2.2.4, is determined by
the signs of 2 — x, x — 4, and x + 2. (The method of test points, discussed in Appendix A,
provides a simple way of finding the sign of the ratio here.) It follows from this figure that
as x approaches 4 from the right, the ratio is always negative; and as x approaches 4 from
the left, the ratio is eventually positive (after x exceeds 2). Thus,

) 2—x ) 2—x
lim —————— =-—o and lm ————— =+®
x—4t (x —4)(x +2) =4 (x —4Hx +2)
Because the one-sided limits have opposite signs, all we can say about the two-sided limit
is that it does not exist. <

If we divide the numerator and denominator of a rational function by the highest power
of x that occurs in the denominator, then all the powers of x in the denominator become
constants or powers of 1/x. The following examples show how this observation together
with (5), (9), and (10) can be used to find limits of rational functions as x — +oo or x — —oco. |

ampie 9

3 5
Find lim k3 .
x—+o 6x — 8

Solution. Divide the numerator and denominator by the highest power of x that occurs
in the denominator; this is x! = x. We obtain

3x+5 T 3+5/x XEIR:/J(3+5/X)

im im =—
x>t bx — 8  a—+w 6 —8/x _hnl (6 —8/x)

lim 3+ lim 5/x 345 lim 1/x

_ x— +o X —> +oo _ X —> oo
lim 6 — lim 8/x 6—8 lim 1/x
X —> +o0 X —> 4o X — +o
34+(5-0 1
_ ek <
6—B8-0) 2
Example 1(
Find
4x? — 5x3 —2x2 41
(@) lim X () lim ot i
x> —w2x3 =5 x——c 3x +5
Solution (). Divide the numerator and denominator by the highest power of x that occurs
in the denominator, namely x3. We obtain
: 2
e S VL ea Ve Jim (@4/x —1/2%)
im = lim =
(x=—0 253 —5 x>—=» 2-—5/x lim (2—5/x%)
_@E-;-0 10
T 2-(-0) 2

Jolution (b). Divide the numerator and denominator by x to obtain

i N Se—2a /x|
m ——— = lim —————— = T
x> —o 3x+5 L =5 345/x
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where the final step is justified by the fact that
5x2 —2x—> 4w, 1/x—0, and 3+5/x—3
as x — —oo. <
Since a polynomial behaves like its term of highest degree as x — +o0 or x — —oo, it follows

that a rational function behaves like the ratio of the terms of highest degree in the numerator
and denominator as x — —+oo or x — —oo; that is, if ¢, # 0 and d,, # 0, then

. CFeiE et Cp X" LD ekt
lim = lim —— (11
Fo-yip}-00 d() + d]x e e dmxm S dmxm
and
e n n
fig SOTEBTOER BT g el 12)

xo—wdy+dix 4+ dpx™ 1= dyx"

Example 11

Use Formulas (11) and (12) to find

@ I 3x +5 ) i 4x% — x © i 3 —2x*
a) lim im c) lim
x—>+4wo 6x — 8 X — —c0 2x3—5 x—+4o x4+ 1
Solution (a).
. 3x+5 . 3 . 1 1
lim = lim — = lim - =—

x—>+x6x —8 x—+wbx x—+=2 2
which agrees with the result obtained in Example 9.
Solution (b).

i 4x? — x . de? 2

= 1l
x>0 2x3 =5 x> -w2x3  x—-ox

which agrees with the result obtained in Example 10.
Solution (c).
3 g B

= lim = lim —2x° = - |
x40 1 x 4+ 1 x—>+4w X X —> 4w

REMARK. We emphasize that Formulas (11) and (12) are only applicable if x — +co or
x — —oo; they do not apply to limits in which x approaches a finite number a.

Example 12

3x+5
Find lim J2 1>
x—+o | 6x — 8

Solution.
. 3 3% + 5 3 3 3x =+ 5 3 1
lim = lim — =/ —
x—+o | 6x — 8 x—+o 6x — 8 2

Theorem 2.2.2(e) Example 9 <

Example 13
Find

Vx2+2 x2+2
im Y ) im =
@ lim e 05 T%
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In both parts it would be helpful to manipulate the function so that the powers of x become
powers of 1/x. This can be achleved inboth cases by dividing the numerator and denominator
by |x| and using the fact that v/ x? = |x]|.

Solution (a). As x — 4, the values of x are eventually positive, so we can replace x|
by x where helpful. We obtain

m YEA2 o YRV L Vet 2/

sote 3x — 6 xote (Bx —6)/|x| x—+= (3x —6)/x

/1+2/x2 111'1’1+ \/1+2/x2
= lim Im e

st B—6ln lim (3~ 6/x)

\/‘nm+ (1+2/x2) Jim 142 hrz 1/x?
~lim G-6/x) hm 3—6 lim 1/x
X — 4o xX—> 4o
1+ 20) 1
3—-(6-00 3

Solution (b). As x — —oo, the values of x are eventually negative, so we can replace |x|
by —x where helpful. We obtain

o VA VAR e
=0 3 =6 xmte (Bx —6)/lx] |+ re (3x — 6)/(—x)
Vi+2/x2 1

= em=3 = 3 *

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

LIMITS OF FUNCTIONS DEFINED
PIECEWISE

For functions that are defined piecewise, a two-sided limit at a point where the formula
changes is best obtained by first finding the one-sided limits at the point.

Example 14

x2—5 x <3

)

Flnd}i_)m3 f(x) for f(x) = {\/X-!-—B, s

Solution. As x approaches 3 from the left, the formula for f is
fx)=x>=5

so that
Jig 10 = i -9 =3 —5=4

As x approaches 3 from the right, the formula for f is
f)=Vx+13

so that

lim f(x) = lim «/x+13:\/lim x+13)=+/16=4
x—3+ x—3* x— 3+

Since the one-sided limits are equal, we have

lim f(x) = 4 <

L



EXERC

s00 e

1. Given that

lim f(x) =2, limgx)=-4, limh(x)=0
find the limits that exist. If the limit does not exist, explain
why

@ lim [f() +22(2)]

X

() lim [f(x)g(x)]

(b) lim [A(x) —3g(x) + 1]
@ lim [g(0)1?

(@ lim J/6+ f(x) (f) lim ﬁ
) Tim 3f(x) —8g(x) @ Lim 78(x)

—a h(x) = 2f(x) + g(x)

2. Use the graphs of f and g in the accompanying figure to
find the limits that exist. If the limit does not exist, explain
why.

(@ lim [f(x) +g(x)] (b) lim [f(x) + g(x)]
() lim Lf(x) + g(x)] (d) Hm [f(x)+ g(x)]

Jf(x) 1 4g)
(e ) o L=

(2 ‘Alirr(; V) (h) \,lirrolf vV f(x)

P oy=r@ Y oy=ew
\\
\1)" }
s / ;
/
/
Figure Ex-2

3. In each part, find the limit by inspection.
‘ (a) lim 7 (b) lim (=3) (¢) lim 7
xr—8 X—>—x x—0+
(d) lim 3x (e) lim 12y () lim (=2h)
x— =2 y—3t h— 4=

‘ 4. In each part, find the stated limit of f(x) = x/|x| by in-
spection.

(a) lims )
X—5

@ lim f(x)

X

() Lim f(x)

(b) lim_f()

© lim f()

© lim f()

b{ld the limits in Exercises 5-48.

-y -2 -2
4 ‘,hm;¢ 6. lim — =
y—2 y+1 i=3 x4+ 1
. R 16 6x—0
7. Jim, 8. lim —— =
x—4 x~>0x3—12X+3

%ﬂ
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4 _
9. lim ~ :
=1t x —1
2 6x
11. lim ﬂ
x—>—1x2—3x —4
3 1
13, lm oo
x—=+x 2x — 5
3
15. lim ——
\—>—xy+4
. x—2
17. lim ————
x—>—e x2 4+ 2x + 1
22
19, hm Y2X =2
x—>—-= x+3
2—y
21, lim ———
y—>—x /7+6y2
/3 4
23, lim Yor X
X——% X< —
25. lim
x—3+tx —3
27. lim
r—=3x—3
29. 1i
,\'—192* x2—4
6
31. lim y+
y— 6t y2~36
6
B, lim 2
y—6 y2—36
3
3. lim
x—d4- x? —2x — 8
7 — 6x°
37. lim a
x—>+= x +3
6—1°
39. lim ——
1>+ 73+ 3
x—9
41. i
_\ngﬁ—S
43. AlinJ}A Vx
45. _limh 3—-x)
47. lim (14 2x —3x)
49, Let
f=1 %"
X )=
3x —17,
Find

@ lim f(x)

10.
12.
14.

16.

18.
20.

22.
24.

26.
28.

30.
32.
34.
36.
38.
40.

42.

44.

46.

x<3

x >3

(b) lim f(x)

. +38

lim

t— =2 l—|—2

. o x?—4x+4
lim —————
x=2 x> 4+x—06
P42 =543
lim ———————
=1 3 =3r+2

1

im
x—>+4xx — 12

. Sx2+7
lim
x—=>+4x 3)(27)6

. 3357 —4s3
li —_—
5= o 257 + 1
. 5x%2 —2
lim

X — 4= x+3

. 2—y
Im ———
Y= T+ 6y2

3x4 +x

m —
r>+= x2_8
lim
=3 x—3

lim

=2t x2 —4

i
.\'1—r>n2 x2—4
y+6

im
y—6- y2 — 36

. 3—x
lim ——
x4+ x2 —2x — 8
. 3—x

lim ——
y—>4x2—2x—8
. 5-=28

lim
t——x 2 41

1

im
x—3- |x = 3|

. 4—y

lim
142 = fy

lim +/5—x
X—> —x%

im (2x* —100x +5)

(© lim f(x).
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50_ Let S - e A
2 +>0 . Find the limits in Exercises 57-60.
g([) — { 2 = | S— - . -~
r—2, t<0
57. lim (Vx*+3—x)
Find Xrares
@ lmg@) O im0 © im0 8. i (/32 =3¢ )
51. Let f(x) = 5 =1 5, Jim e ax —x)
-3 « ¥ — 1 * X e
(a) Find lim f(x). 60. _lin+1 (Vx? 4+ ax — v/ x% + bx)
x—1 X =T
! | (b) Sketch the graph of y = f(x). 61. Discuss the limits of p(x) = (1 — x)" as x — +o and
i‘ 52. Let x — —oo for positive integer values of n.
| ¥2_9 62. Let p(x) = (1 —x)" and g(x) = (1 — x)". Discuss the
ey = ~3 x#£ -3 limits of p(x)/q(x) as x — o0 and x — —oo for positive
N § 3 integer values of m and n.
" X =—

(a) Find k so that F(—=3) = Vlim3 F(x).
(b) With k assigned the value _lim% F(x), show that F'(x)

can be expressed as a polynomial.

53. (a) Explain why the following calculation is incorrect.

1 1
(b) Show that lin& (— — —> = —oo,
x— 0t

x  x?

1 1
54, Find lim (— =+ —2>
x—=0" \ X X

| find the limit.

 In Exercises 55 and 56, first rationalize the numerator, then

63.

64.

65.

66.

Let p(x) be a polynomial of degree n. Discuss the limits
of p(x)/x™ as x — oo and x — —oo for positive integer‘j
values of m.

In each part, find examples of polynomials p(x) and q(x)
that satisfy the stated condition and such that p(x) — 4o,
and g (x) — +oo as x — —+-co. ‘

1 1 1 1
\ lim ——;) = lim - — lim — @ lim 2% 1 ® 1im 28—
{ x—0t \ X xz x—0t X y— 0t x2 x— 4= q(x) x— +x% q(x)
= 400 — (40) =0 © p(x) — 4 @ T [p — gl o8
x—= 4= g(x) X—> o

Let p(x) and g (x) be polynomials, and suppose g (x) = 0.
Discuss the behavior of the graph of y = p(x)/g(x) in the
vicinity of the point x = x¢. Give examples to support you
conclusions.
Find

. co+cix+ -+ cpx”

lim

X d() + d]X w2 s = dmxm

Jitd—2 \/xz—H _9 where ¢, # 0 and d,, # 0. [Hint: Your answer will depend
55. HHB — 56. lim0 — on whether m < n,m =n,orm > n.]
X~ X =

Thus far, our discussion of limits has been based on our intuitive feeling of what it

means for the values of a function to get closer and closer to a limiting value. How-
ever, this level of informality can only take us so far, so our goal in this section is 10
define limits precisely. From a purely mathematical point of view these definitions are
needed to establish limits with certainty and to prove theorems about them. However:
el they will also provide us with a deeper understanding of the limit concept, making it
possible for us to visualize some of the more subtle properties of functions.

In earlier sections we interpreted the limit
DEFINITION OF A LIMIT

}im fx)=1L

to mean that we can force the values of f(x) closer and closer to L by making x closer 3
closer (but not equal) to a. Our goal here is to try to make the notion of a limit more precise '
et : giving the informal phrase “closer and closer to” a precise mathematical meaning. HOWEY
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57. 'Iin;F x+1)=3

59. lim vVx—4=0

x—>47

X,
I b x) = 2, wher =

62. lim f(x) =6, where f(x) = {

| In Exercises 63 and 64, use the remark following Definitions |
' 2.3.6 and 2.3.7 to prove that the stated limit is correct.

I
63. (a) lim = o

1+ 1—x

X

1
64. () lim — = +o
-0+t X

| For Exercises 65 and 66, write out definitions of the four lim-

1
(b) lim — = —o

58. ,hnll, Bx+2)=5 65. (a) ‘lirg‘ (x+1)=+4= () lim (x+ 1) = —w

60. lim_ J—x=0 66. (a) lim (x2=3)=4% (b lim (' +5)=—o
x> 2 67. Prove the result in Example 3 under the assumption that
x <2 8 < 2rather than § < 1.

68. (a) In Definition 2.3.3 there is a condition 1@&1uiring that
o f(x) be defined for all x in some open interval contain-
3x, x=12 ing a, except possibly at a itself. What is the purpose
of this requirement?
(b) Why is }iino J/x = 0 an incorrect statement?

(c) Is lirgl01 +/x = 0.1 a correct statement?
L=

lim b = 4o ] 69. Generate the graph of f(x) = x* — 4x + 5 with a graph-
S b ing utility, and use the graph to find a number § such that
|f(x) —2] < 0.05if0 < |x — 1| < 8. [Hint: Show
x—>0" X that the inequality | f(x) — 2| < 0.05 can be rewritten as
1.95 < x3 —4x + 5 < 2.05, and estimate the values of x
for which x3 — 4x +5=1.95and x* — 4x +5 = 2.05.]

| its in (18), and use your definitions to prove that the stated [ 70. Use the method of Exercise 69 to find a number § such that

DEFINITION OF CONTINUITY

IV3x +1—4] <05if0 < |x—3| <8.

24 (

A moving object cannot vanish at some point and reappear someplace else to continue
its motion. Thus, we perceive the path of a moving object as a continuous curve, that
is, a curve without gaps, breaks, or holes. Earlier, we discussed continuity from an
intuitive viewpoint; in this section we will define this concept precisely and develop
some fundamental properties of continuous curves.

Recall from Section 2.1 that the graph of a function f will have a hole or a break in itata
point ¢ if any of the following situations occur:

o The function f is undefined at ¢ (Figure 2.4.1a).
o The limit of f(x) does not exist as x approaches ¢ (Figures 2.4.1b, 24.1¢).
o The value of the function and the value of the limit at ¢ are different (Figure 2.4.1d).

AY 1 y AY 1 y
y= f(“‘), 5 “:
= f(x /i )= f(x
gt V i ! ’\%, ﬁv”/ 8
~1 / % \” =f)
| T /N o ‘
i v g X 1 ‘ - x 1 //;
¢ F; c ” ¢
(@) (b) (©) (d)

Figure 2.4.1
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This suggests the following definition.

2.4.1 DEFINITION. A function f is said to be continuous at a point c if the following
conditions are satisfied:

1. f(c) is defined.
2. lim f(x) exists.
3.

lim f(x) = f(c).

If one or more of the conditions in this definition fails to hold, then we will say that f has a
discontinuity at the point x = c. If f is continuous at each point of an open interval (a, b),
then we will say that f is continuous on (a, b). This definition also applies to infinite open
intervals of the form (a, +), (—oc, b), and (—oe, 4o0). In the case where f is continuous
on (—ce, +0), we will say that [ is continuous everywhere. If f is continuous on an open
interval, but the particular interval is not important for the discussion, we will say that f is
continuous (without referencing the interval).

REMARIK. The first two conditions in Definition 2.4.1 are actually superfluous, since it is
implicit in the third condition that f(c) is defined and the limit exists (otherwise the equality
would make no sense). We have included the first two conditions for emphasis and clarity,
but, as a practical matter, you need only confirm that the third condition holds when you
want to show that a function f is continuous at a point c.

Example 1
Determine whether the following functions are continuous at the point x = 2.
2 _4 )62;4 x #£2 Q x#2
fm=——s gy =y x—2’ h(x) =4 x—2°
3, x=2, 4, x=2

Solution. In each case we must determine whether the limit of the function as x — 2 is
the same as the value of the function at x = 2. In all three cases the functions are identical,
except at the point x = 2, and hence all three have the same limit at x = 2, namely
x2
lim f(x) = lim g(x) = lim A(x) = lim
x—=2 x—2 x=2 x—2 X

= LALEL

The function f is undefined at x = 2, and hence is not continuous at that point (Fig-
ure 2.4.2a). The function g is defined at x = 2, but its value there is g(2) = 3, which is not
the same as the limit at that point; hence, g is also not continuous at x = 2 (Figure 2.4.2D).
The value of the function /& at x = 2 is h(2) = 4, which is the same as the limit at that

AY AY AY

B / "f/jy =f (x) B (y =g () [ /S y= h(x)

(a) (D) (©)
Figure 2.4.2
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CONTINUITY IN APPLICATIONS

»»»»»»» c6sesvoescsceces00sRIE08aPORBENS

CONTINUITY OF POLYNOMIALS

point; hence, / is continuous at x = 2 (Figure 2.4.2¢). (Note that the function / could have
been written more simply as /(x) = x + 2, but we wrote it in piecewise form to emphasize
its relationship to f and g.) <

In applications, discontinuities often signal the occurrence of important physical phenom-
ena. For example, Figure 2.4.3a is a graph of voltage versus time for an underground cable
that is accidentally cut by a work crew at time ¢ = 1 (the voltage drops to zero when the line
is cut). Figure 2.4.3b shows the graph of inventory versus time for a company that restocks
its warehouse to y; units when the inventory falls to yy units. The discontinuities occur at
those times when restocking occurs.

V (Voltage) Ay (Units of inventory)
240 R =1 i KA
I\ | | Th
\ N\ |
‘ Yo~ ¥ AR S » =
S | i i |
Line—" g \ \ f /
cut Restocking occurs
(a) ()
Figure 2.4.3

Given the possible physical significance of discontinuities, it is important to be able to
identify points of discontinuity for spécific functions, and to be able to make general state-
ments about the continuity properties of entire families of functions. This is our next goal.

The general procedure for showing that a function is continuous everywhere is to show that
it is continuous at an arbitrary point. For example, we showed in Theorem 2.2.3 that if p(x)
is a polynomial and « is any real number, then

lim p(x) = p(a)

Thus, we have the following result.

' 2.4.2 THEOREM. Polynomials are continuous everywhere. J

Example 2

Show that |x| is continuous everywhere (Figure 1.2.5).

Solution. We can write |x| as
x if x>0
]x[ = 0 if x=0
—x if x <0

S0 |x| is the same as the polynomial x on the interval (0, +c0) and is the same as the
polynomial —x on the interval (—oo, 0). But polynomials are continuous functions, S0 =
is the only possible point of discontinuity for |x|. At this point we have |0] = 0, so t0 prové
the continuity at x = 0 we must show that

lim |x| =0 @
Because the formula for |x| changes at 0, it will be helpful to consider the one-sided limis
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at O rather than the two-sided limit. We obtain

lim |x|=lim x=0 and lim |x|= lim (—x) =0
+ xr—0t x—0" x—0-

x—0

Thus, (1) holds and |x| is continuous at x = 0. <

The following theorem, which is a consequence of Theorem 2.2.2, will enable us to reach
conclusions about the continuity of functions that are obtained by adding, subtracting,
multiplying, and dividing continuous functions.

| 2.4.3 THEOREM. [f the functions f and g are continuous at c, then
(a) f 4+ g iscontinuous at c.
(b) f — gis continuous at c.
L (¢)  fgis continuous at c.
f (d) f/gis continuous at ¢ if g(c) # 0 and has a discontinuity at ¢ if g(¢) = 0.

We will prove part (d). The remaining proofs are similar and will be omitted.

Proof. First, consider the case where g(c) = 0. In this case f(c)/g(c) is undefined, so
the function f/g has a discontinuity at c.

Next, consider the case where g(c) # 0. To prove that f/g is continuous at ¢, we must
show that

o f0  f©
M ——— = —
i~eg) g0

Since f and g are continuous at c,

2)

lim () = f(c) and lim g(x) = g(c)
Thus, by Theorem 2.2.2(d)

p f0) SO pe

im

r—=c g(x) - Ah_)m(g(x) B g(c)

which proves (2).

Since polynomials are continuous functions, and since rational functions are ratios of poly-
nomials, part (d) of Theorem 2.4.3 yields the following result.

| 244 THEOREM. A rational function is continuous everywhere except at the points
| where the denominator is zero.

Example 3
For what values of x is there a hole or a gap in the graph of
x? -9

y=—29
x2—5x+6

Solution. The function being graphed is a rational function, and hence is continuous
everywhere except at the points where the denominator is zero. Solving the equation

2 —5x+6=0

yields two points of discontinuity, x = 2 and x = 3. <
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CONTINUITY OF COMPOSITIONS

FOR THE READER.  If you use a graphing utility to generate the graph of the equation in
this example, then there is a good chance that you will see the discontinuity at x = 2 but
not at x = 3. Try it, and explain what you think is happening.

The following theorem, whose proof is given in Appendix G, will be useful for calculating
limits of compositions of functions.

' 2.4.5 THEOREM. Let limstandfor one of the limits lim, lim , lim , lim ,or lim .

X—>c¢ x—>¢ x—ct x—> 4w X— —x

If lim g(x) = L and if the function f.is continuous at L, thenlim f(g(x)) = f(L). That
is, lim f(g(x)) = f(lim g (x)).

i
{
i
i
{
i
i
|

In words, this theorem states:

A limit symbol can be moved through a function sign provided the limit of the expres-
sion inside the function sign exists and the function is continuous at this limir.

Example 4

Suppose that lim g (x) exists, where lim stands for any of the limits in Theorem 2.4.5. We
know from Example 2 that the function |x| is continuous everywhere; thus, it follows that

lim | (x)[ = [lim g (x)] 3)

that is, a limit symbol can be moved through an absolute value sign, provided the limit of
the expression inside the absolute value signs exists. For example,

lim |5 — x| = | lim (5 —x%)| = | — 4 =4 1

The following theorem is concerned with the continuity of compositions of functions;
the first part deals with continuity at a specific point, and the second part with continuity
everywhere.

2.4.6 THEOREM.
(a) If the function g is continuous at the point ¢, and the function f is continuous at
the point g(c), then the composition [ og is continuous at c.
- (b) Ifthe function g is continuous everywhere and the function f is continuous every-
where, then the composition f og is continuous everywhere.

Proof. We will prove part (a) only; the proof of part (b) can be obtained by applying patt
(a) at an arbitrary point c. To prove that fog is continuous at ¢, we must show that the
value of f og and the value of its limit are the same at x = ¢. But this is so, since we cail
write

lim (fog)(x) = lim f(g(x)) = f(lim g(x)) = f(g(e)) = (fo8)(©)

Theorem 2.4.5 g is continuous at ¢.

\

We know from Example 2 that the function |x| is continuous everywhere. Thus, if g
is continuous at the point ¢, then by part («) of Theorem 2.4.6, the function | g(x)| must also
be continuous at the point ¢; and, more generally, if g(x) is continuous everywhere, then
0 is |g(x)|. Stated informally:

The absolute value of a continuous function is continuous.
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For example, the polynomial g(x) = 4 — x? is continuous everywhere, so we can conclude
that the function |4 — x?| is also continuous everywhere (Figure 2.4.4).

FOR THE READER.  Can the absolute value of a function that is not continuous be contin-
uous? Justify your answer.

Because Definition 2.4.1 involves a two-sided limit, that definition does not generally apply
at the endpoints of a closed interval [a, b] or at the endpoint of an interval of the form
[a, b), (a, b], (—o, b], or [a, +). To remedy this problem, we will agree that a function is
continuous at an endpoint of an interval if its value at the endpoint is equal to the appropriate
one-sided limit at that point. For example, the function graphed in Figure 2.4.5 is continuous
at the right endpoint of the interval [a, b] because

lim f(r) = f(b)
X—0b"
but it is not continuous at the left endpoint because
lim f(x) # f(a)
X—d
In general, we will say a function f is continuous from the left at a point c if
lim f(x) = f(c)
X—=>C
and is continuous from the right at a point ¢ if
lim f(x) = f(c)
x—ct
Using this terminology we define continuity on a closed interval as follows.
2.4.7 DEFINITION. A function f is said to be continuous on a closed interval [a, b] |

- if the following conditions are satisfied:
1. f is continuous on (a, b).

2. f is continuous from the right at a.
3. f is continuous from the left at b.

FOR THE READER.  We leave it for you to modify this definition appropriately so that it
applies to intervals of the form [a, +©), (—=, b], (a, b], and [a, b).

Example 5
What can you say about the continuity of the function f(x) = v9 — x2?

Solution. Because the natural domain of this function is the closed interval [—3, 3], we
will need to investigate the continuity of f on the open interval (—3, 3) and at the two I
endpoints. If ¢ is any point in the interval (—3, 3), then it follows from Theorem 2.2.2(¢)
that

lim () = lim /9 22 = [lim 0 —x?) = V9~ = f(c)

which proves f is continuous at each point of the interval (—3, 3). The function f is also
continuous at the endpoints since

lim f() = lim V9 -2 = \/»hm_ O -1 =0=f(3)

hm f(x)— hm V9 —x2= | hm (9—x2)—0—f( 3) :
x—>=3 ‘

Thus, f is continuous on the closed interval [—3, 3].
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Figure 2.4.6 shows the graph of a function that is continuous on the closed interval [a, b].
The figure suggests that if we draw any horizontal line y = k, where k is between f(a) and
f(b), then that line will cross the curve y = f(x) line at Jeast once over the [a, b]. Stated in
numerical terms, if f is continuous on [a, b], then the function f must take on every value
k between f(a) and f(b) at least once as x varies from a to b. For example, the polynomial
px) = x5 — x+3hasavalueof3atx =1 and a value of 33 at x = 2. Thus, it follows
from the continuity of p that the equation %5 — x + 3 = k has at least one solution in the
interval [1, 2] for every value of k between 3 and 33. This idea is stated more precisely in
the following theorem.

' 2.4.8 THEOREM (Intermediate-Value Theorem). If f is continuous on a closed interval
' [a, b] and k is any number between f(a) and f(b), inclusive, then there is at least one
" number x in the interval [a, b) such that f(x) = k. |

Although this theorem is intuitively obvious, its proof depends on a mathematically precise
development of the real number system, which is beyond the scope of this text.

A variety of problems can be reduced to solving an equation f(x) =0 for its roots. Some-
times it is possible to solve for the roots exactly using algebra, but often this is not possible
and one must settle for decimal approximations of the roots. One procedure for approxi-
mating roots is based on the following consequence of the Intermediate-Value Theorem.

| 249 THEOREM. If fis continuous on [a, bl, and if f(a) and f(b) are nonzero and
. have opposite signs, then there is at least one solution of the equation f(x) = 0in the
interval (a, b).

This result, which is illustrated in Figure 2.4.7, can be proved as follows.

Proof. Since f(a) and f(b) have opposite signs, 0 is between f(a) and f(b). Thus, by
the Intermediate-Value Theorem there is at least one number x in the interval [a, b] such
that f(x) = 0. However, f(a) and f(b) are nonzero, sO X must lie in the interval (a, b),
which completes the proof.

Before we illustrate how this theorem can be used to approximate roots, it will be helpful
to discuss some standard terminology for describing errors in approximations. If x is an
approximation to a quantity xo, then we call

€ = |x — xol

the absolute error or (less precisely) the error in the approximation. The following termi-
nology is used to describe the size of such errors:

Table 2.4.1
ERROR DESCRIPTION
|x—xgl £0.1 x approximates xo with an error of at most 0.1.
|x —xp| £0.01 x approximates Xy with an error of at most 0.01.

|x —xp| < 0.001 x approximates Xy with an error of at most 0.001.
lx —xo| € 0.0001  x approximates xo with an error of at most 0.0001.

|x —xol £0.5 x approximates xq to the nearest integer.

|x —xg| < 0.05 x approximates xq t0 1 decimal place (i.e., to the nearest tenth).

|x —xg| < 0.005 X approximates X to 2 decimal places (i.e., to the nearest hundredth).
|x —xpl £0.0005 x approximates xq to 3 decimal places (i.e., to the nearest thousandth).
e ———
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We will also need the following result, which should be evident geometrically from
Figure 2.4.8.

2.4.10 APPROXIMATION PRINCIPLE. Suppose that the equation f(x) = 0 has a root
xo in the interval [a, b] and that this interval has length € = b — a. Then any number x

' in the interval [a, b] approximates xo with an error of at most €, and the midpoint of the |
interval approximates xq with an error of at most €/2.

Example 6
The equation
¥—x—-1=0

cannot be solved algebraically very easily because the left side has no simple factors.
However, if we graph p(x) = x*> —x — 1 with a graphing utility (Figure 2.4.9), then we are
led to conjecture that there is one real root and that this root lies inside the interval [1, 2].
The existence of a root in this interval is also confirmed by Theorem 2.4.8, since p(1) = —1
and p(2) = 5 have opposite signs. Approximate this root to two decimal-place accuracy.

Solution. Our objective is to approximate the unknown root xo with an error of at most
0.005. It follows from the Approximation Principle (2.4.10) that if we can find an interval
of length 0.01 that contains the root, then the midpoint of that interval will approximate the
root with an error of at most 0.01/2 = 0.005, which will achieve the desired accuracy.
We know that the root xo lies in the interval [1, 2]. However, this interval has length
1, which is too large. We can pinpoint the location of the root more precisely by dividing
the interval [1, 2] into 10 equal parts and evaluating p at the points of subdivision using
a calculating utility (Table 2.4.2). In this table p(1.3) and p(1.4) have opposite signs, so
we know that the root lies in the interval [1.3, 1.4]. This interval has length 0.1, which is

still too large, so we repeat the process by dividing the interval [1.3, 1.4] into 10 parts and

evaluating p at the points of subdivision; this yields Table 2.4.3, which tells us that the root
is inside the interval [1.32, 1.33]. Since this interval has length 0.01, its midpoint 1.325 will
approximate the root with an error of at most 0.005. Thus, xo & 1.325 to two decimal-place
accuracy. <

Table 2.4.2

x| 1 L1 12 13 14 15 16 17 18 | 19 2

fw -1 077 -047 | -0.10 034 088 | 150 221 303 396 5

Table 2.4.3

x| 13 131 132 133 134 135 136 137 | 138 | 139 14
f(9) | -0.103 ~0.062 ~0.020| 0.023 0066 0.110 0.155 0201 0248 0296 0.344

The method illustrated in Example 6 can also be implemented with a graphing utility as
follows.

Step 1.  Figure 2.4.10a shows the graph of f in the window [—5, 5] x [-5, 5]
with xScl = 1 and yScl = 1. That graph places the root between
x=1landx =2.

Step 2.  Since we know that the root lies between x = 1 and x = 2, we will
zoom in by regraphing f over an x-interval that extends between
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these points and in which xScl = .1. The y-interval and yScl are not
‘ critical, as long as the y-interval extends above and below the X-axis.
Figure 2.4.10b shows the graph of £ in the window [1, 2] x [—1, 1]
with xScl = .1 and yScl = .1. That graph places the root between
x=13andx =14

Step 4. Since we know that the root lies between x = 1.3and x = 1.4, we

: : will zoom in again by regraphing f over an x-interval that extends

between these points and in which xScl = .01. Figure 2.4.10c shows

| the graph of f in the window [1.3,1.4] x [—.1, .1] with xScl = .01

| and yScl = .01. That graph places the root between x = 1.32 and
o =i.33;

Step 5.  Since the interval in Step 3 has length .01, its midpoint 1.325 approx-
imates the root with an error of at most 0.005, so xp ~ 1.325 to two
decimal-place accuracy.

[-5,5] % [-5, 5] [1,2]x[-1, 1] [1.3, 14] x [-.1,.1]

\ xScl =1,yScl =1 xScl = .1, yScl = .1 xScl = .01, yScl = .01
Figure 2.4.10 (@) (b) ()

REMARK. To say that x approximates xo to n decimal places does not mean that the first
n decimal places of x and xo will be the same when the numbers are rounded to n decimal
places. For example, x = 1.084 approximates xo = 1.087 to two decimal places because
|x — xo| = 0.003(<0.005). However, if we round these values to two decimal places, then
we obtain x ~ 1.08 and x¢ &~ 1.09. Thus, if you approximate a number to 7 decimal places,
then you should display that approximation to at least n + 1 decimal places to preserve the
accuracy.

FORTHEREADER.  Use a graphing or calculating utility to show that the root xo in Example
6 can be approximated as xo & 1.3245 to three decimal-place accuracy.

EXERCISE SET 2.4 [ Graphing Calculator

©006000000000000000000006000 0000000000000 0000000 s00000000 0000000000000 00 ec00000000000000 c00000000000000 coeeesl

I | In Exercises 1-4, let f be the function whose graph is shown. 3 1\ [t 4
|t On which of the following intervals, if any, is f continuous? | ;%",\ f
| @IL3 13 ©I12] | N\
(@, @3 OHeE3 I\ / i
i - | Onthose intervals where f is not continuous, state where the \\J | _
(R . discontinuities occur. ! l i é ; >
1. Y 2, y
P 5. Suppose that f and g are continuous functions such tht
2y f(2)=1and lim7 [f(x) +4g(x)] = 13. Find
«/’ EHE .
f (a) g(2) (b) lim g(x).
§ ’ ® . K
: : L5 ‘ : L5 6. Suppose that f and g are continuous functions such thi

L I 2 3 : lim g(x) =5 and f(3) = —2. Find 1im%[f(x)/g(x)]-




7. In each part sketch the graph of a function f that satisfies
the stated conditions.

(a) f is continuous everywhere except at x = 3, at which
point it is continuous from the right.

f has atwo-sided limit at x = 3, but it is not continuous
at that point.

f is not continuous at x = 3, but if its value at x = 3
is changed from f(3) = [ to f(3) = 0, it becomes
continuous at x = 3.

f is continuous on the interval [0, 3) and is defined on
the closed interval [0, 3]; but f is not continuous on the
interval [0, 3].

(b)

(©

(d)

. Find formulas for some functions that are continuous on the
intervals (—oo, 0) and (0, +-2c), but are not continuous on the
interval (—oo, +c0).

. A student parking lot at a university charges $2.00 for the
first half hour (or any part) and $1.00 for each subsequent
half hour (or any part) up to a daily maximum of $10.00.
(a) Sketch a graph of cost as a function of the time parked.
(b) Discuss the significance of the discontinuities in the
graph to a student who parks there.

In each part determine whether the function is continuous
or not, and explain your reasoning.

(a) The Earth’s population as a function of time

(b) Your exact height as a function of time

(¢) The cost of a taxi ride in your city as a function of the
distance traveled

{d) The volume of a melting ice cube as a function of time

Exercises 11-22, find the points of discontinuity, if any.

fry=x"-2x+3 12. fx)=(x =35

0= 5 4. f) = —

=31 16. /) = o
| |X—3 18. f(x):§+x2f4
13 — 22 20. fx) = ]x,%-gx—l

, 1
x —1 x 7
3, x =1

d a value for the constant k, if possible, that will make
he finction continuous.

Tx -2, x<1
faoy=3 " -
x°, x > 1
kx?, x <

fl) =
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24. On which of the following intervals is

1
S(x) = e
continuous?
(@) [2, +x)
(©) (2, +x)

(0) (—oe, +0)
(@ [1.2)

A function f is said to have a removable discontinuity at
x = cif lim f(x) exists, but
X >
fle) # lim f(x)

either because f(c) is undefined or the value of f(c) differs
from the value of the limit. This terminology will be needed
- in Exercises 25-28.

25. (a) Sketch the graph of a function with a removable dis-
continuity at x = ¢ for which f(c) is undefined.
(b)

Sketch the graph of a function with a removable dis-
continuity at x = ¢ for which f(c) is defined.

26. (a) The terminology removable discontinuity is appropri-
ate because a removable discontinuity of a function f
at a point x == ¢ can be “removed” by redefining the
value of f appropriately at x = ¢. What value for f(c)
removes the discontinuity?

(b)

Show that the following functions have removable dis-
continuities at x = 1, and sketch their graphs.
I, x>1
and g(x) =40,
I, x<1

What values should be assigned to f(1) and g(1) to
remove the discontinuities?

Xz—

fx) =

=1
x —1 *

(c)

In Exercises 27 and 28, find the points of discontinuity, and |
determine whether the discontinuities are removable.

x? 4 3x

(b) flx) = T3

) 1) 2x —3, x <2
f X) = 27 - 2
3x2 45, x#1
C prod
© f) =1 L
9 29. (a) Use a graphing utility to generate the graph of the func-

tion f(x) = (x + 3)/(2x* + 5x — 3), and then use
the graph to make a conjecture about the number and
location of all discontinuities.

Check your conjecture by factoring the denominator.
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

| In Exercises 40 and 41, show that the equation has at least
- one solution in the given interval.

40.
41.

42.

43.

Limits and Continuity

(a) Use a graphing utility to generate the graph of the func-
tion f(x) = x/(x® — x +2), and then use the graph to
make a conjecture about the number and location of all
discontinuities.

(b) Use the Intermediate-Value Theorem to approximate
the location of all points of discontinuity to two deci-

mal places.

Prove that f(x) = x*/* is continuous everywhere, carefully
justifying each step.

Prove that f(x) = 1/y/x*+7x*+1is continuous every-

where, carefully justifying each step.

Let f and g be discontinuous at ¢. Give examples to show
that
(a) f + g can be continuous or discontinuous at ¢

(b) fg can be continuous or discontinuous at c.
Prove Theorem 2.4.4.

Prove:

(a) part (a) of Theorem 2.4.3
(b) part (b) of Theorem 243
(c) part (¢) of Theorem 2.4.3.

Prove: If £ and g are continuous on [a, b],and f(a) > g(a),
F(b) < g(b), then there is at least one solution of the equa-
tion f(x) = g{x) in (g, b). [Hint: Consider Flx) —g(x).]

Give an example of a function f that is defined at every
point in a closed interval, and whose values at the endpoints
have opposite signs, but for which the equation f(x) =0
has no solution in the interval.

Use the Intermediate-Value Theorem to show that there is a
square with a diagonal length that is between r and 2r and
an area that is half the area of a circle of radius r.

Use the Intermediate-Value Theorem to show that there is
a right circular cylinder of height / and radius less than r
whose volume is equal to that of a right circular cone of

height / and radius .

O Ax+1=0; [1,2]

PBaxr-2x=1[-11]

Prove: If p(x)isa polynomial of odd degree, then the equa-
tion p(x) = 0 has at least one real solution.

The accompanying figure shows the graphof y = xtx—1

Use the method of Example 6 to approximate the x-

intercepts with an error of at most 0.05.

[~] 46. Usea graphing utility to solve the problem in Exercise

[-5, 41 x [-3, 6]
xScl = 1,yScl =1

Figure Ex-43

44. Use a graphing utility to solve the problem in Exercise 4
by zooming.

45. The accompanying figure shows the graphof y = 5—x—x
Use the method of Example 6 to approximate the roots
the equation 5 — x — x* = 0 to two decimal-place accurac

[-5, 41 % [-3, 6]
xScl=1,yScl =1
Figure Ex-45

by zooming.

47. Use the fact that +/3 is a solution of x* — 5 = 0 to appro
mate ~/5 with an error of at most 0.005.

48. Prove that if a and b are positive, then the equation
a n b
x—3

=0

x -1

has at least one solution in the interval (1, 3).

49. A sphere of unknown radius x consists of a spherical
and a coating that is 1 cm thick (see the accompanying
ure). Given that the volume of the coating and the volume
the core are the same, approximate the radius of the s
to three decimal-place accuracy.

Figure Ex-49
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50. A monk begins walking up a mountain road at 12:00 noon that he reaches at the same time of day on the way up as on
and reaches the top at 12:00 midnight. He meditates and the way down.
rests until 12:00 noon the next day, at which time he begins 51

walking down the same road, reaching the bottom at 12:00
midnight. Show that there is at least one point on the road

........

FUNCTIONS

. Let f be defined at ¢. Prove that £ is continuous at ¢ if, given
€ > 0, there exists a § > 0 such that | f(x) — f(¢)| < e if
|x —¢| < 8.

2.5

In this section we will investigate the continuity properties of the trigonometric func- ‘
tions, and we will discuss some important limits involving these Sfunctions.

Before we begin, recall that in the expressions Sinx, cos x, tanx, cotx, sec x, and csc x it l
is understood that x is in radian measure.

In trigonometry, the graphs of sinx and cosx are drawn as continuous curves (Fig-
ure 2.5.1). To actually prove that these functions are continuous everywhere, we must show
that the following equalities hold for every real number c:

lim sinx =sinc and lim cosx = cosc (1-2)

x—c x—>c
Although we will not formally prove these results, we can make them plausible by consid-
ering the behavior of the point P(cos x, sinx) as it moves around the unit circle. For this
purpose, view ¢ as a fixed angle in radian measure, and let Q(cos ¢, sin ¢) be the correspond-
ing point on the unit circle. As x — ¢ (i.e., as the angle x approaches the angle ¢), the point
P moves along the circle toward Q, and this implies that the coordinates of P approach the
corresponding coordinates of Q; that is, cos x — cos ¢, and sinx — sin ¢ (Figure 2.5.2).

y )
1 § P
% | | Il l | i L 1 " il L It | 5
=21 =N T 2m —-2r - T 21
-1 s ~1
%yzsin,\'g ;'yzcos,\':
Figure 2.5.1
Formulas (1) and (2) can be used to find limits of the remaining trigonometric functions
by expressing them in terms of sinx and cos x; for example, if cos ¢ # 0, then
) . sinx sinc ‘
lim tan x = lim = =tanc |
x—c X—cCOSX  COScC
B | Q(cos ¢, sin ¢)

N

% P(cos x, sin x)

 Figure 252

Thus, we are led to the following theorem. |
\
\

2.5.1 THEOREM. [fc is any number in the natural domain of the stated trigonometric |
. function, then

lim sinx = sinc¢ lim cosx = cosc lim tanx = tanc

X—>C X—=>C X—=>e

lim cscx = csce lim sec x = secc lim cotx = cotc

X+ X—C X—=>e€

It follows from this theorem, for example, that sin x and cos x are continuous everywhere
and that tan x is continuous, except at the points where it is undefined.




160 Limits and Continuity

I Figure 2.5.3

Figure 2.5.4

Find the limit

lim cos
x—1 x—1

Solution. Recall from the last section that a limit symbol can be moved through a function
sign if the function is continuous and the limit of the expression inside the function sign
exists. Thus,

21
lim cos <x T ) = lim1 cos(x + 1) = cos(lim1 (x +1)) =cos2 |
x X — X —

x—1

In Section 2.1 we used the numerical evidence in Table 2.1.2 to conjecture that
. sinx

lim — =1 3)

x=0 X
However, it is not a simple matter to establish this limit with certainty. The difficulty is that
the numerator and denominator both approach zero as x — 0; such limits are called indeter-
minate forms of type 0/0. Sometimes indeterminate forms of this type can be established
by manipulating the ratio algebraically (as in Example 7 of Section 2.2); but in this case no
simple algebraic manipulation will work, so we must look for other methods.

The problem with indeterminate forms of type 0/0 is that there are two conflicting
influences at work: as the numerator approaches 0 it drives the magnitude of the ratio
toward 0, and as the denominator approaches 0 it drives the magnitude of the ratio toward o0
(depending on the sign of the expression). The limiting behavior of the ratio is determined
by the precise way in which these influences offset each other. Later in this text we will
discuss general methods for attacking indeterminate forms, but for the limit in (3) we can
use a method called squeezing.

In the method of squeezing one proves that a function f has a limit L at a point ¢ by
trapping the function between two other functions, g and i, whose limits at ¢ are known to be
L (Figure 2.5.3). This is the idea behind the following theorem, which we state without proof.

2.5.2 THEOREM (The Squeezing Theorem). Let f, g, and h be functions satisfying
g(x) < f(x) < h(x)

~ for all x in some open interval containing the point ¢, with the possible exception that
. the inequalities need not hold at c. If g and h have the same limit as x approaches c, say

lim g(x) = lim hix) =1L

KB E
| then f also has this limit as x approaches ¢, that is,

lim f(x) =L

X—=>cC

FOR THE READER.  The Squeezing Theorem also holds for one-sided limits and limits at
40 and —oo. How do you think the hypotheses of the theorem would change in those cases’

‘The usefulness of the Squeezing Theorem will be evident in our proof of the following
theorem (Figure 2.5.4).

| 2.5.3 THEOREM.

. 8inx 1 —cosx
(@) lim = [ () lim ——— =0

‘ x—0 Xx x—0 X
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Figure 2.5.5
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However, before giving the proof, it will be helpful to review the formula for the area A of
a sector with radius r and a central angle of 6 radians (Figure 2.5.5). The area of the sector
can be derived by setting up the following proportion to the area of the entire circle:

A 0 area of the sector  central angle of the sector
a2 2w area of the circle  central angle of the circle

From this we obtain the formula
A=3ri )
Now we are ready for the proof of Theorem 2.5.3.

Proof (a). In this proof we will interpret x as an angle in radian measure, and we will
assume to start that 0 < x < 7/2. It follows from Formula (4) that the area of a sector of
radius 1 and central angle x is x/2. Moreover, it is suggested by Figure 2.5.6 that the area
of this sector lies between the areas of two triangles, one with area (tan x)/2 and one with
area (sin x)/2. Thus,

tan x X S x

> — >
2 27 2
Multiplying through by 2/(sin x) yields
1 X
>—>1

cosx ~ sinx
and then taking reciprocals and reversing the inequalities yields

sin x
cosx < — <1 @)
X

Moreover, these inequalities also hold for —7/2 < x < 0, since replacing x by —x in (5)
and using the identities sin(—x) = —sinx and cos(—x) = cosx leaves the inequalities
unchanged (verify). Finally, since the functions cos x and 1 both have limits of 1 as x — 0,
it follows from the Squeezing Theorem that (sin x)/x also has a limit of 1 as x — 0.

i (1, tan x)

{/ (cos x, sin x)

[ Vs o %
{ 1
\,\’ Area of triangle >  Area of sector >  Area of triangle
N tan x S X s, sin x
S : 2 - 2 - 2
Figure 2.5.6

Proof (b). For this proof we will use the limit in part (@), the continuity of the sine function,
and the trigonometric identity sin? x = 1 — cos? x. We obtain

lim
x—0 X x—0

I
5

1 —cosx i [1—cosx 1+cosx} ) sin® x

= lim ———
x—=0 (1 +cosx)x

. . 3
im 2225 (im —2* V=) (——) =0 g
x—0 X x—01-+cosx 1+1

X .1+cosx
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Example 2

Find
. tanx B 6 . sin3x
(a) lim —— (b) lim —— (¢) lim —
‘ =0 X 6—0 6 x—0sinSx
Solution (a).
. tanx . sin x 1
| lim = lim . =MD =1
x COS X

‘ x—0 X x—0

Solution (b). The trick is to multiply and divide by 2, which will make the denominator
the same as the argument of the sine function [ just as in Theorem 2.5.3(a)l:
. sin260 . sin 20 ~ sin26
lim = lim 2 - =2 lim
o—0 6 0—0 260 6—0 20

Now make the substitution x = 26, and use the fact that x — 0 as # — 0. This yields

_ sin26 ~ sin26 . sinx
lim =2 lim =2 lim =2(1)=72
00 6 0—-0 260 x—>0 X
Solution (c).
sin 3x 3 sin 3x
~ sin3x . X ) C 3y 3.1 3
lim — = lim — = lim ——=—7>=¢ <
i r—0sin5x  x—0 sinS5x .\'»05 sin 5x 5.1 5
| X 5x

FOR THE READER.  Use a graphing utility to confirm the limits in the last example graph-
ically, and if you have a CAS, then use it to obtain the limits.

i 1E V™ Example 3
f / i Make conjectures about the limits
| ! (]
| | | (a) limsin| — (b) lim xsin | —
| )f x—0 X x—0 X
| 1
\m‘“\ /f‘ \ :E and confirm your conclusions by generating the graphs of the functions near x = 0 usinga
= graphing utility.

Solution (a). Since 1/x — oo as x — 07, we can view sin(1/x) as the sine of an angle

Ly

| S y=sin (T) that increases indefinitely as x — 0T. As this angle increases, the function sin(1/x) keeps
J‘ Btk ) oscillating between —1 and 1 without approaching a limit. Similarly, there is no limit from
Ll (a) . _ . . . 1
J (s the left since 1/x — —oc as x — 0. These conclusions are consistent with the graph 0
IR 7 S 7 g i y = sin(1/x) shown in Figure 7.5.7a. Observe that the oscillations become more and more
; t 1 gt \, T ) ‘ rapid as x approaches 0 because 1/x increases (or decreases) more and more rapidly as X

-t Hii approaches 0.

Solution (b). The values of x sin(1 /x) oscillate between x and —x, both of which approach
0 as x approaches 0. Thus, the Squeezing Theorem suggests that x sin(1/x)— 0 as x = 0.
This is consistent with Figure 2.5.7b. <

REMARK. It follows from part (b) of this example that the function

_ xsin(1/x), x#0

i

y= A\"svin (%)

it are the samé

is continuous at x = 0, since the value of the function and the value of the li
nt 0

‘ (b) at that point. This shows that the behavior of a function can be very complex at a poi

[ A Figure 2.5.7 continuity.




|
|
|
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11.

In Exercises 1-10, find the points of discontinuity, if any.

. f(x) = sin(x? —2) 2. f(x) = cos <—L>
xX—7
. f(x) = cotx 4. f(x) =secx
1
= 6. =
f(x) =cscx fx) I sis
. f(x) =|cosx| 8. f(x) =+/2+tan®x

1 3

SO =T 10. f(x) = :

— 2sinx 54 2cosx

Use Theorem 2.4.6 to show that the following functions
are continuous everywhere by expressing them as compo-
sitions of simpler functions that are known to be continuous.
() sin(x® +7x + 1) (b) |sinx]|

(c) cos’(x + 1) (d) v/3+sin2x

(e) sin(sinx) (f) cos®x — 2cos’x + 1

12. (a) Prove thatif g(x) is continuous everywhere, then so are
sin(g(x)), cos(g(x)), g(sin(x)), and g(cos(x)).
(b) Illustrate the result in part (a) with some of your own
choices for g.
[ Find the limits in Exercises 13-35.
1 2
13. lim cos <4> 14. lim sin <7)
X—+=x X X= =00 X
in /
15. lim sin( —— 16. lim 2
X—> 4% 2 —3x h—0 2h
in 360 in 6
17. lim i - 18. lim smy
00 6 00+ 02
s )
9. lim 22X 20 lim 2 *
x—>0- |x| x—0 3x2
sin x sin 6x
21, lim —— 22. li
=0+ 5/x .vllno sin 8x
t sin’
B i 24, 1im 519
x—0 sin 3x -0 6
2. lim 26. Tim —Sm_
h—0 tan h h—01—cosh
92
ik i — 28. lim ————
9-01— cos@ x=0 cos (3 — x)
- A 6 12
29, lim —— m—_—
90 cos 6 30 rlgno 1 —cos?t
. 1 —cos5h 1
B i - " 2. li i =
h—0cos7h — 1 32. .\-lgl(}+ s %
2 i sss
B. lim cos (- 34, lim —— e
&0t X x—=0 X
35, i 2% T sinx

X— 0 X
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36.

37.

38.

39.

40.

41.

43.

44.

45.

Find a value for the constant £ that makes
sin 3x
, x#0
flx) = x
k, x=0

continuous at x = 0.
Find a nonzero value for the constant k that makes

tan kx

flx) = x
3x +2k%, x>0

=<0

continuous at x = 0.
Is
sin x

foy =1 Il
1, x=0

continuous at x = 0?

In each part, find the limit by making the indicated substi-
tution.

1 1
(a) lim xsin—. [Hint.‘ Lett = —.:|
X

X =+ X
. 1 . 1
(b) lim x|{1—cos—]. Hint: Lett = —.
X— —x X X
. T .
(¢) lim — [Hint: Lett = m — x.]
x—7 SiNX
Find Tim " [ Hine:Letr = T F.
x—2 x—=2 2 X
si tanx—1
Find Tim S0 42. Find lim X7
x—>1 x—1 x—m/4 x—n/4

Use the Squeezing Theorem to show that
. 50m
lim x cos — =0
x—0 X
and illustrate the principle involved by using a graphing util-
ity to graph y = x, y = —x, and y = x cos(507/x) on the
same screen over the x-interval from —1 to 1.

Use the Squeezing Theorem to show that

50 :
lim x2 sin (—3 ”) = ]
x—0 ﬁ

and illustrate the principle involved by using a graphing util-
ity to graph y = x2, y = —x2, and y = x?sin(507r/ ¥/x )
on the same screen over the x-interval from —0.5 to 0.5.

Sketch the graphs of y = 1 — x2, y = cosx, and y = f(x),
where f is any continuous function that satisfies the in-
equalities

1—x*< f(x) <cosx

forall x in the interval (—/2, 7/2). What can you say about
the limit of f(x) as x — 0? Explain your reasoning.
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46.

47.

48.

Sketch the graphs of y = 1/x,y = —1/x,and y = f(x)in
one coordinate system, where f is any continuous function
that satisfies the inequalities

1 1
—— < flx) <=
X X

for all x in the interval [1, +-c0). What can you say about the
limit of f(x) as x — +o? Explain your reasoning.

Find formulas for functions g and h such that g(x)—0 and
h(x)—0asx—+eo and such that

gr) £ o = hifx)
X

for positive values of x. What can you say about the limit

. sinx

lim —7?

xX— 4> X
Explain your reasoning.
Draw pictures analogous to Figure 2.5.3 that illustrate the
Squeezing Theorem for limits of the form 1ir2 f(x) and
A= 00

lim f(x).

X—> —°

. Recall that unless stated otherwise the variable x in trigono-
| metric functions such as sinx and cos x are assumed to be
in radian measure. The limits in Theorem 2.5.3 are based on
. that assumption. Lxercises 49 and 50 explore what happens
to those limits if degree measure is used for x.

49.

50.

51.

52.

53.

(a) Show thatif x is in degrees, then
. sinx b1
im— ==
x—=0 X 180
(b) Confirm that the limit in part (a) is consistent with the
results produced by your calculating utility by setting
the utility to degree measure and calculating (sinx)/x
for some values of x that get closer and closer to 0.

What is the limit of (1 —cosx)/x asx—0 if x is in degrees?
Tt follows from part (a) of Theorem 2.5.3 that if 0 is small

(near zero) and measured in radians, then one should expect
the approximation

sin@ ~ 0

to be good.

(a) Findsin 107 usinga calculating utility.

(b) Find sin 10° using the approximation above.

(a) Use the approximation of sin@ that is given in Exer-
cise 51 together with the identity cos2e = 1 —2 sin
with & = 0/2 to show that if 6 is small (near zero)
and measured in radians, then one should expect the
approximation

cosf ~ 1 — 367

to be good.
(b) Find cos 10° using a calculating utility.
(¢) Find cos 10° using the approximation above.

1t follows from part (a) of Example 2 that if 6 is small (near
zero) and measured in radians, then one should expect the

54.

55.

56.

57

58.

approximation
tan6 ~ 0
to be good.
(a) Find tan5° using a calculating utility.
(b) Find tan5° using the approximation above.
Referring to the accompanying figure, suppose that the an-
gle of elevation of the top of a building, as measured from
a point L feet from its base, is found to be o degrees.
(a) Use the relationship & = L tana to calculate the height
of a building for which L = 500 ftand o = 6°.
(b) Show that if L is large compared to the building height
h, then one should expect good results in approximating
h by h ~ wLa/180.
(c) Use the result in part (b) to approximate the building
height & in part ().

Figure Ex-54

(a) Use the Intermediate-Value Theorem to show that the
equation x = cosx has at least one solution in the in-
terval [0, 7r/2].

(b) Show graphically that there is exactly one solution in
the interval.

(c) Approximate the solution to three decimal places.

(a) Use the Intermediate-Value Theorem to show that the
equation x + sinx = 1 has at least one solution in the
interval [0, 7/6].

(b) Show graphically that there is exactly one solution i i
the interval.

(c) Approximate the solution to three decimal places.

In the study of falling objects near the surface of the Earth
the acceleration g due to gravity is commonly taken to be
9.8 m/s? or 32 ft/s2. However, the elliptical shape of the
Earth and other factors cause variations in this constant tha
are latitude dependent. The following formula, known as the
Geodetic Reference Formula of 1967, is commonly used &
predict the value of g ata latitude of ¢ degrees (either nor
or south of the equator):

¢ = 9.7803185(1.0 4 0.005278895 sin” ¢
—0.000023462 sin* ¢) m/s?

(a) Observe that g is an even function of ¢. What does t
suggest about the shape of the Earth, as modeled by t
Geodetic Reference Formula?

(b) Show that g = 9.8 m/s? somewhere between Jatitud
of 38° and 39°.

Let
1 if x is a rational number
fo) = {0 if x is an irrational number
(a) Make a conjecture about the limit of f(x) as X —0:
(b) Make a conjecture about the limit of xf(x) as ¥ .
(¢) Prove your conjectures. i




1. For the function f graphed in the accompanying figure, find
the limit if it exists.
(a) lim] J(x)

X
(@ lim /()

2.

(b) lim f(x)

© lim f@)

X

() lim f(x)

© lim /()
(F) lim_f(0)

X

(g) lim f(x) (i) lim f(x)

3 )
o
2 ¢
N
![ltéL[[]\
=1 1 2 3 4 5 6 7 8

Figuie Ex-1

Y=

(a) Find a formula for a rational function that has a verti-
cal asymptote at x = | and a horizontal asymptote at
y=2

(b) Check your work by using a graphing utility to graph
the function.

. (a) Write a paragraph or two that describes how the limit of

a function can fail to exist at a point x = a. Accompany
your description with some specific examples.

(b) Write a paragraph or two that describes how the limit
of a function can fail to exist as x — +o0 or x — —oco,
Also, accompany your description with some specific
examples.

(c) Write a paragraph or two that describes how a function
can fail to be continuous at a point x = a. Accompany
your description with some specific examples.

. Show that the Intermediate-Value Theorem is false if f is

not continuous on the interval [a, b].

. Ineach part, evaluate the function for the stated values of x,

and make a conjecture about the value of the limit. Confirm
your conjecture by finding the limit algebraically.

x—2 .
(@ fx)= VT xll)rr21+ f(x); x =2.5,2.1,2.01,
2.001, 2.0001, 2.00001

tan 4.
) fr) = 02 lim f(0); x =10, £0.1, 40,01,
X xX—
+0.001, +0.0001, £0.00001
- In each part, find the horizontal asymptotes, if any.
2 —7 ' P —x2+10
(a) y = b A ML i
A O y=—e%
2x2—6
© y=
x% 4 5x
17. Approximate the value for the limit
3% _px
lim
x—0 X

to three decimal places by constructing an appropriate
table of values.

10.

11.

12.

13.

14.

15.
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(b) Confirm your approximation using graphical evidence.

. According to Ohm’s law, when a voltage of V volts is ap-

plied across a resistor with a resistance of R ohms, a current

of I = V/R amperes flows through the resistor.

(a) How much current flows if a voltage of 3.0 volts is ap-
plied across a resistance of 7.5 ohms?

(b) If the resistance varies by £0.1 ohm, and the voltage
remains constant at 3.0 volts, what is the resulting range
of values for the current?

(c) If temperature variations cause the resistance to vary
by +4 from its value of 7.5 ohms, and the voltage re-
mains constant at 3.0 volts, what is the resulting range
of values for the current?

(d) If the current is not allowed to vary by more than
€ = £0.001 ampere at a voltage of 3.0 volts, what vari-
ation of =6 from the value of 7.5 ohms is allowable?

(e) Certain alloys become superconductors as their tem-
perature approaches absolute zero (—273°C), meaning
that their resistance approaches zero. If the voltage re-
mains constant, what happens to the current in a super-
conductor as R — 01?

. Suppose that f is continuous on the interval [0, 1] and that

0 < f(x) < 1 for all x in this interval.

(a) Sketch the graph of y = x together with a possible
graph for f over the interval [0, 1].

(b) Use the Intermediate-Value Theorem to help prove that
there is at least one number ¢ in the interval [0, 1] such
that f(c) = c.

Use algebraic methods to find

. I —cosé .ot —1
(a) eh—r>no tan (T) (b) lim

t—1 ﬁ — 1
© I Q2x —1)°
¢ im
x>t (3x2 + 2x — T)(x3 — 9x)
. sin(0 + 1)
(d) jum cos (T) :

Suppose that f is continuous on the interval [0, 1], that
f(0) = 2, and that f has no zeros in the interval. Prove that
f(x) > 0 forall x in [0, 1].

Suppose that
—x*+3, x<2
X =
&) { X249, x>2
Is f continuous everywhere? Justify your conclusion.

Show that the equation x* + 5x3 + 5x — [ = 0 has at least
two real solutions in the interval [—6, 2].

Use the Intermediate-Value Theorem to approximate +/11
to three decimal places, and check your answer by finding
the root directly with a calculating utility.

Suppose that f is continuous and that f(xy) > 0. Give ei-
ther a §-e proof or a convincing verbal argument to show
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f(x) > 0.
' 16. Sketch the graph of f(x) = |x? —4]/(x> — 4).

17. In each part, approximate the points of discontinuity of f
to three decimal places.

| it

i (a) f(x)‘x2+2x—5

: x+3
®) f®) = Fdnx — x|

18. InExample 3 of Section 2.5 we used the Squeezing Theorem
to prove that

1
lim x sin (—) =0
x—0 X

Why couldn’t we have obtained the same result by writing
. (1 . .. (1
lim xsin{ — ) = lim x - lim sin { —
x—0 X x—0 x—0 X
L 1
=0-limsin{— | =0?
x—0 X

‘ In Exercises 19 and 20, find lim f(x), if it exists, for i
0 X—>a
1 | a=0,5% =57, =5, 5, —», 4o |

| i — S— B R —

. 1. @ f@)=v5-x (b) f(x) = (*—25)/(x—5)
i (I | 20. (@) f(x) = (x +5)/(x*—25)

(x—=5)/Ix =5, x#5

r (b) f(X)Z{O, 5

| In Exercises 21-28, find the indicated limit, if it exists.

tan ax

21. 1
xlglo sin bx

‘ . sin3x
‘ 22. lim
! x—0 tan 3x
sin 26 i
! 24, lim 228%
x—01—cosx

(@a+#0,b+0)

23. lim
0—0 92

sinx © o sin?(kx)
im —— 26. lim ,
x—0t ﬁ x—>0 x2

3x — sin(k
27, lim 2800 g
x—0 X

28, lim 2x + x sin 3x
x— 4o 5x2 s 2x + 1

29. The author’s dictionary describes a continuous function as
“one whose value at each point is closely approached by its
values at neighboring points.”

(a) How would you explain the meaning of the terms

25.

k0

“neighboring points” and “closely approached” to a

nonmathematician?
(b) Write a paragraph that explains why the dictionary def-
Wi . inition is consistent with the definition given in the text.

that there must be an open interval containing xo on which [ 30. (a) Show by rationalizing the numerator that

VX2 4+4-2 1
lim ——— = -
x—0 x2 4

(b) Evaluate f(x) for ‘

x = =£1.0, £0.1, +0.01, £0.001, 0.0001, 4-0.00001 :

and explain why the values are not getting closer and
closer to the limit.

(c) The accompanying figure shows the graph of f gen-
erated with a graphing utility and zooming in on the
origin. Explain what is happening.

[-5, 5] x [-.1, .5]
xScl =1,yScl = .1

[-.5,.5] x[-.1,.5]
xScl =.1,yScl = .1

[=5% 1070, 5% 107 x [-.1, .5]
xScl = 1079, yScl = .1

Figure Ex-30

In Exercises 31-36, approximate the limit of the function
by looking at its graph and calculating values for some ap-
. propriate choices of x. Compare your answer with the value

produced by a CAS.
3. lim (140" 32. lim ~—
xX— Y= =
. sinx —sinl . i) —1/3
33. Xll_r)nl T 34. Xll)n&x (1001)

35. lim (Vx+vx—Vi)

36. lim (3*+59)"

X —» 4o

37. The limit

. sinx
lim — =1
x—0 X




38.

39.

ensures that there is a number § such that

sin x

— 1| < 0.001

X

if 0 < |x| < §. Estimate the largest such 4.

If $1000 is invested in an account that pays 7% interest
compounded n times each year, then in 10 years there will
be 1000(1 + 0.07/1)'%" dollars in the account. How much
money will be in the account in 10 years if the interest is
compounded quarterly (n = 4)? Monthly (n = 12)? Daily
(n = 365)? How much money will be in the account in 10
years if the interest is compounded continuously, that is, as
n— —+oo?

There are various numerical methods other than the method
discussed in Section 2.4 to obtain approximate solutions of
equations of the form f(x) = 0. One such method requires
that the equation be expressed in the form x = g(x), so that
a solution x = ¢ can be interpreted as the value of x where
the line y = x intersects the curve y = g(x), as shown in the
accompanying figure. If x; is an initial estimate of ¢ and the
graph of y = g(x) is not too steep in the vicinity of ¢, then
a better approximation can be obtained from x, = g(x|)
(see the figure). An even better approximation is obtained
from x3 = g(x2), and so forth. The formula x,.| = g(x,)
forn = 1,2,3,... generates successive approximations
X2, X3, X4, . .. that get closer and closer to c.

(a) The equation x* —x — 1 = 0 has only one real solution.

Show that this equation can be written as

x=gkx) = JE+1

(b) Graph y = x and y = g(x) in the same coordinate
system for —1 < x < 3.
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(c) Starting with an arbitrary point x|, make a sketch that
shows the location of the successive iterates

X = g(x1), x3=g(x),...

(d) Use x; = 1 and calculate x,, x3, ..., continuing until
you obtain two consecutive values that differ by less
than 10™*. Experiment with other starting values such
asx; =2orx; =1.5.

y
f——" |
b A \ |
2 | \
¢ b I _
| ‘ L3
c X x5 Xy

Figure Ex-39

40. The method described in Exercise 39 will not always work.

(a) The equation x* — x — 1 = 0 can be expressed as
x = g(x) = x> —1.Graph y = x and y = g(x) in
the same coordinate system. Starting with an arbitrary
point x|, make a sketch illustrating the location of the
successive iterates x, = g(x1), x3 = g(x2),....

(b) Use x; = I and calculate the successive iterates x, for
n=23,4,5,6.

In Exercises 41 and 42, use the method of Exercise 39 to

approximate the roots of the equation.

41. ¥ —x—-2=0 42, x —cosx =0

EXPANDING THE CALcuLus HoRizon

For additional material relating to this chapter, visit the Anton Website at http://www.wiley.com/college/anton




